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ABSTRACT
Performance of containers’ flow at yard represents very
important point of container terminals. The organization
of container transport and stacking policies leads to less
congestion and lower costs. Otherwise, containers wait
in queue before they are serviced. This study presents
an analytical approach for obtaining the average number
of containers in queue. We proposed two models
(constant and geometric) of bulk arrival multi-server
queuing system. Traffic intensity and utilization factor
are very important parameters that consist of data for
arrival and service rate and number of servers (yard
cranes). In this paper, we assume that there are three
yard cranes that operate at container yard. A given
numerical example for two models will improve the
best values for performance of containers’ flow at
container yard.

Keywords: container yard, average number of
containers in queue, bulk arrival, numerical example

1. INTRODUCTION
For determining the optimal capacity of a container
yard, a maximum attention should be paid to the
stacking policies defined by yard cranes. This is due to
the accommodative capacity of the yard, expressed by
the number of yard cranes, determining the required
capacity of container yard as a whole. Applying
queuing models, container yard can be treated as: a
system with the infinite waiting capacity and determined
number of yard cranes, a single or multi-server system
(depending on the number of yard cranes), a system in
which servicing is most often carried out according to the
FCFS rule (first come, first served), but it is possible that
there are certain containers which have priority in
servicing and a system where containers must be serviced
at once (Škurić, Dragović, and Meštrović 2011).

In this paper we calculate the average number of
containers in queue at container yard. We assume that
the containers are arriving in group at yard and follows
constant or/and geometric distributions. Their service
time follows the exponential distribution. In accordance
to the extended Kendall’s queuing notation, these two
models may be denoted as ( )(//  cMM constX ) for

constant and ( )(//
1)1( 
 cMM aaX k

) geometric

distributions of container group arrivals. The number of
assumed yard cranes is three. The level of traffic
intensity and values of some other parameters are also
stated. The objective is to describe these models for
defining the strategies at yard and calculate the average
number of containers in queue.

This paper is organized as follows. Literature
review is given in Section 2, while in Section 3 the
analytical formulations are provided. Related numerical
results’ analysis for obtaining the average number of
containers in queue with corresponding graphical results
is shown in Section 4. Final conclusions are given in
Section 5.

2. LITERATURE REVIEW
Generally speaking, authors used queuing models
(single or multiple) to describe the arrival and service
processes of customers (ships) in ports. They are used
to analyze complex dynamic and stochastic situations
(see e.g. Dragović, Park, Zrnić, and Meštrović 2012).
The models contain analytic formulations and numerical
solutions for the performance evaluation of port
systems. Various models from simple queues to
complex queuing network models have been suggested
to analyze: movement of ships in port, ship traffic
modelling, mechanism of congestion occurrence,
composition and congestion costs, evaluation method
for optimal number of berths, optimum allocation and
size of ports, optimal berth and crane combination in
ports, average cost per ships served, the ship turn-
around time at the port and so on. Regarding multiple
queuing system, the authors presented in Table 1 have
investigated bulk arrivals of the customers.

Their considered problems are based on the
following statements: a comparison of analytical and
simulation planning models, the analysis of a queue
with bulk arrivals and bulk-dedicated servers, an
analytical methodology of bulk queuing system that
determines the capacity of berths within seaports and
river ports, port storage locations as queuing systems
with bulk arrivals and a single service, the optimal
number of servers with bulk arrivals by minimizing the
total costs of system, the anchorage-ship-berth link at
the port utilizing queuing theory with bulk arrivals, a
multi-server queue with bulk arrivals and finite-buffer
space and queuing approaches at container yard with
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detailed analytical expressions and real case study (see
e.g. Škurić, Dragović, and Meštrović 2011).

The importance of bulk queuing models for
container terminal problem is explained in Kozan
(1997). The analysis of a queue with bulk arrivals and
bulk-dedicated servers is specified in Gullu (2004). In
this paper, it is considered the // GM queuing system
with bulk arrivals whose jobs belong to a batch have to
be processed by the same server. Similarly to this study,
bulk arrivals are presented by pushed and pulled
convoys of barges in Radmilović (1992). The queuing
system describes that barges in convoy have a constant
or geometric probability distribution. On the other hand,
in Radmilović, Čolić, and Hrle (1996), the authors deal

with the port storage locations with bulk arrivals and a
single service. Finally, in Radmilović, Dragović, and
Meštrović (2005) the aim was to minimize the total cost
of system by determining the optimal number of
servers. The processes of anchorage-ship-berth link at
the port described by the non-stationary multi-server
queuing system are presented in Dragović, Zrnić, and
Radmilović (2006) and in Zrnić, Dragović, and
Radmilović (1999). Likewise, partial and total bulk
rejections and the distributions of the numbers of
customers in the system for multi-server queue are
explained in Laxmi and Gupta (2000). Again, the
related literature overview is given in Table 1.

Table 1: Related Literature Overview
References Considered problem Results

(Radmilović 1992) Analytical methodology of bulk queuing
system.

Determined the optimum number and
capacity of berths within seaports and
river ports.

(Radmilović, Čolić, and Hrle
1996) Bulk arrivals and a single service. Port storage locations as queuing

systems are solved.

(Kozan 1997) A comparison of analytical and simulation
planning models of container terminals.

The advantages of simulation are shown
because it is able to capture all details
and the complexity of a real system.

(Zrnić, Dragović, and
Radmilović 1999; Dragović,
Zrnić, and Radmilović 2006)

Analyzed the anchorage-ship-berth link
utilizing queuing theory with bulk arrivals.

Determined cost ratio and total system
cost.

(Laxmi and Gupta 2000) A multi-server queue with bulk arrivals and
finite-buffer space.

Partial and total bulk rejections and the
distributions of the numbers of
customers in the system are obtained.

(Gullu 2004) The analysis of a queue with bulk arrivals and
bulk-dedicated servers.

Considered the M/G/∞ queuing system
with bulk arrivals whose jobs belong to
a batch have to be processed by the
same server.

(Radmilović, Dragović, and
Meštrović 2005) Optimal number of servers in with bulk arrivals. Minimized the total costs of system.

(Škurić, Dragović, and
Meštrović 2011) A multi-server queue with bulk arrivals. Obtained average number of containers

in queue and related cost ratio.

(Dragović, Park, Zrnić, and
Meštrović 2012)

Discuss dynamic system performance
evaluation in the river port utilizing queuing
models with batch arrivals.

The results have revealed that analytical
modelling is a very effective method to
examine the impact of introducing
priority, for certain class of ships, on the
anchorage-ship-berth link performance.

3. ANALYTICAL FORMULATIONS
In this Section, we present the methodology that
contains analytical formulations of parameters for
calculating the average number of containers in queue.
First, we start with obtaining the explicit formulae for
steady-state probability that n containers are at the yard.
After providing the probabilities of constant and
geometric distribution of X in case when there is
specified number of yard cranes, we give formulae for
related numbers of containers in queue that corresponds
to the mentioned probabilities. Finally, numerical
example is used for sensitivity analysis of average
number of containers in queue in relation to three
parameters (number of containers in group, number of
yard cranes and traffic intensity).

Traffic intensity of containers at yard is in
dependence of their arrival and service rate, denoted as

 / where  is the average arrival rate of
containers in group and  represents the average service
rate of containers. These are serviced by yard cranes ( c )
which represent the number of servers. The average
number of containers in group is given as a while the
utilization factor for bulk queuing system is defined as

)/()(  ca . Notice that ca /)(   .
We consider a bulk arrival multi-server queue

cMM X // where the bulk size X is a constant or
geometrically distributed random variable. The yard
cranes have independent, exponentially distributed
service times. The containers that arrive for service in
groups X and the mean of X is equal to

aaXE /1)(  and the variance of X is equal to
22 /1var aX a  . The case when X is a constant that
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is   1 bXP for some fixed ,...}3,2,1{b , then
baXE )( and 0)(2 X . The inter-arrival times,

the bulk sizes and service times are mutually
independent. It is known that a probability that
containers are present in queuing system is (Chaudhry
and Templeton 1983)

 





1

0
0

c

n
n QcnP  (1)

where 0Q is a probability that average number of
containers that are present in a queuing system, cL , are
busy. The above formula immediately yields
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where )/(  ca is the utilization factor. Following
Chaudhry and Tampleton (1983),

 



c

n
nqc PcncLL

0

(4)

where nP is steady-state probability that n containers are
at the yard, i.e., that n containers are just being serviced
or are waiting in a queue to be serviced.  On the other
hand, it is suitable to determine the probabilities 0P and

nP using Kabak’s recurrence formulae (Dragović, Zrnić,
and Radmilović 2006; Kabak 1970; Škurić, Dragović, and
Meštrović 2011). These probabilities follow recurrence
relations:


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0
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(5)
with

)(/)( nny  ,  cnn ,min)(   (6)

and


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
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1

0

1
kn

i
ikn aA  11 A (7)

where ia is a probability that a group of i containers
arrives in the bulk queuing system,   iaiXP  , 1i .
Substituting (6) and (7) into (5), the probability 0P is
obtained as

 

c

Pnc
P

c

n
n





 1
0 1  . (8)

Furthermore, the average number of containers
present in queuing system with c yard cranes is







0n

nc nPL (9)

and it also holds for the bulk arrivals queuing system.
Following Chaudhry and Templeton (1983),
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In the case when there are three yard cranes i.e. 3c
, it is necessary to substitute aa /1 , 22 /1 aa  into
(10) and (6), respectively. Also, for taking the values for
geometric distribution of X with
    aaakXP k

k
11  , ...,3,2,1k where
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we obtain the formulae for kP related to geometric
distribution of X . The corresponding formulae for
average number of containers in queue, const

kP and g
kP

related to the constant and geometric distribution of
batch size X , respectively, are as follows (Škurić,
Dragović, and Meštrović 2011):
 The probabilities of constant distribution of X

in case when 3c yield
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 The probabilities of geometric distribution of
X in case when 3c are
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 Related numbers of containers in queue that
corresponds to the probabilities given by (11)
and (12) are
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4. NUMERICAL RESULTS’ ANALYSIS
The numerical example is in relation to container
terminal in port of Bar, Montenegro. The container
terminal throughput from 2008 to 2012 is given in
Figure 1 (PBR 2012). The biggest throughput of 43708
TEU is reached in 2008. We observe that the container
yard is consisted of three yard cranes that serve for
container stacking. Tractor trailer system and fork lifters
are used for terminal transport of containers from berth
to yard and vice versa.

Figure 1: Container terminal throughput in port of Bar

At time, container terminal in port of Bar is consisted
of one berth and one quay crane for servicing the
container ships. The maximum carrying capacity of
container ships is 4000 TEU. There are also the rail and
road vehicles for inland connection (Škurić, Dragović,
and Meštrović 2011). The input data for the analytical
models are based on the actual containers’ arrivals at the
terminal of port of Bar where we assumed that the
containers’ arrivals fit constant or geometric
distribution.

Using formulae (13) and (14), in Figures 2 and 3 we
compare the values for the average number of containers
in queue which are in function of traffic intensity for

2 ba and 4 ba with constant and geometric
distribution. The graphs are obtained in Mathematica 8.
Considering Figure 2, the input data such as average

number of containers in group 2 ba is specified as
well as the different values of traffic intensity are from

1.0 to 3.1 while the number of yard cranes is 3.

Figure 2: Average Number of Containers in Queue for
Constant and Geometric Distributions of X with

2 ba , 3c and )3.1,0(

From Figure 2, we can notice that the results for
average number of containers in queue are in function of
three different parameters (average number of containers
in group, traffic intensity and number of yard cranes) and
may serve to see related parameters for comparing results
for constant and geometric distributions. The increase of
average number of containers in queue causes higher
traffic intensity of containers at yard. Therefore, for the
same traffic intensity, the average number of containers in
queue for geometric arrivals of containers implies higher
values then those for constant distribution.

The results for average number of containers in
queue in the case of 4 ba are given in Figure 3 with
the same number of yard cranes as in the first case and
traffic intensity values are from 1.0 to 3.1 .
Obviously in Figure 3, the values for geometric
distributions are more dynamic and are increasing faster
then those for constant distributions. It means that in
case that the group arrivals of containers have its
behaviour by constant distribution; it implies that the
average number of containers in queue is lower in
comparison to the geometric distributed containers’
arrivals with the same value of traffic intensity.

Figure 3: Average Number of Containers in Queue for
Constant and Geometric Distributions of X with

4 ba , 3c and )3.1,0(
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5. CONCLUSION
The numerical results’ analysis for different values of
parameters for presenting the performances of
containers’ flow at container yard in port of Bar leads to
the following conclusions:
 The dynamical arrivals of containers in

accordance to constant distribution showed
better results in the view of average number of
containers in queue which may lead to less
congestion in comparison to the geometric
distributed containers’ arrivals.

 As a matter of fact that Figure 1 implies that
there would not be huge fluctuations in
container terminal throughput in coming years,
this suggests that the level of traffic intensity
will not be drastically changed and that
assumed values in numerical example
represent the real situation in port.

 The values of average number of containers in
queue directly impact on specific cost ratio of
total annual cost for queuing system to the
annual container cost and total system costs.

 The obtained results suggest that the
operational strategy at container yard can be
improved by reducing the average number of
containers in queue. This can be evaluated
through the employment of another yard crane
or to observe other group arrivals of
containers.

On the other hand, this analysis also has some
limitations. There are a lot of parameters that did not
taken into account, but no matter to that, we suppose
that it represents a convenient approach for
implementing some other modelling techniques and in
some further investigations simulation model
employment would be able to capture the complexity of
a real system such as container yard.
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