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ABSTRACT

In this paper an Auto-Regressive Moving Average
(ARMA) model based Generalized Predictive Control
(GPC) is presented. The controller derived from this
method will automatically contain an integrator. The
control law is obtained by minimizing a quadratic
objective function. An analytical solution can be found
in the absence of constraints. The presented method can
deal with stable, unstable and non-minimum phase
processes. A concept of suboptimal control is
introduced in order to reduce calculating burden and
refine dynamic aspects of a controlled system in case of
need. It is straightforward to achieve the double integral
action which is required in some industrial processes.
Furthermore, it is very easy to incorporate the terms T
and § if it is viewed as a classical RST controller. For
this purpose, a relationship between GPC and RST
controllers is also presented. Some simple examples
and numerical analyses of particular cases are given.

Keywords: generalized predictive control, model
predictive control, auto-regressive moving average,
integral action

1. INTRODUCTION
As well known the MPC presents many advantages
such as the availability to control a process with long
delay times, the feasibility to handle easily the
multivariable case and the relative simplicity to deal
with constrained control.

Predictive control algorithms are based on an
assumed model of the process and on an assumed scene
for the future control signals. From the end of 1970’s, a
lot of predictive control algorithms were presented.
Model Algorithmic Control (MAC) (Richalet, Rault,
Testud, and Papon 1976, 1978), Dynamic Matrix
Control (DMC) (Cutler and Ramaker 1980). Predictive
Functional Control (PFC) (Richalet, Abu el Ata-Doss,
Arber, Kuntze, Jacubash, and Schill 1987) and
Extended Horizon Adaptive Control (EHAC) (Ydstie
1984) are ones of them. The GPC method was proposed
by Clarke et al. (Clarke, Mohtadi, and Tuffs 1987). It
has been studied intensively in the industrial and
academic circles and has been successfully
implemented in numerous industrial applications
(Clarke 1988). It is based on the CARIMA (Controlled

Auto-Regressive and Integrated Moving Average)
model. The expectation of a quadric function measuring
the discrepancy between the predicted output and the
predicted reference over prediction horizon plus another
quadric function measuring control efforts is the index
to be optimized. The optimization results a sequence of
control signal. But only the first one is applied to the
process to be controlled. A new sequence is calculated
during the next sampling interval after a new
measurement of output is obtained. This is called
receding-horizon control. Based on the same concepts,
the ARMA model based GPC is proposed in this paper
as an alternative or a complement to enrich the
goodness of the GPC.

2. PROCESS MODEL
Assume that the process dynamics are characterized by
the local-linearized model

B(z™)
k—d)+v(k—d
A@4)W( )+v(k—d)] )

y(k) = x(k) +e(k)

x(k) =

where A(z™") and B(z™") are
backward shift operator without any common
factors, u is the control signal, vis a disturbance acting
on the input of the process and eis the measurement
noise acting on the process output.

However, when taking into account neither the
disturbance nor the measurement noise, the model (1)
becomes

polynomials in the

Bz
Az

y(k) = u(k —d) 2

3. OUTPUT PREDICTION

One of the basic ideas of the predictive control is to
rewrite the model of the process in order of obtaining an
explicit expression for the output at a future time.

3.1. Stable Process
Consider the model (2)
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B(z™")
k)= k-d 3
o)== k=) 3)
h steps ahead,
-1
e+ iy =BG l)u(k+h—d) (4)
A(z™)

Subtracting Eq. (3) from Eq. (4), we obtain

-1 -1
y(k+hy— yiey = BE l)u(k+h—d)—&l)u(k—d)
A(z™) A(z™)

G,(z)-q""B(z")

=F,(z Yu(k+h—d)+ T

u(k—1)

whered is the dead time, F,yz " “""G,, whose

degree is & —d y n—1respectively, are the quotient and
remainder of the division B/ A, namely

B(z™") ) Gz

= =F,(z7")+z ! D )
where
Fz )= fy+ fiz et £z 0D
Define
H,(z"h=G,z"-z""B(z™") (©6)
So

y(k+h) :Fhu(k+h—d)+%u(k—l)+y(k) (7)

where the first term of the right hand depends on
u(k),---, u(k+h—d), the second term can be treated as

a filter and a constant error is assumed over the
predication horizon. That is, from Eq. (1) and (7),

e(k) = % v(k) +e(k) Vh

For simplicity, the last two terms of the right hand side
of Eq. (7) are denoted as y, (k), which is called free
response and the first term is called forced response for
depending on the future control signals if 4 > d. Thus

ylk +h)y=Fy (z Dulk +h=d) + 3, (k) ®)

Using the last equation for 2 =1,2,---, N, we get

y(k+1)=F (z Yu(k +1-d) + 5, (k)
:y(k +2)=F,(z Dk +2-d)+ 7, (k) ©
y(k+N)=Fy (@ ulk+ N —d)+ 5y (k)

Introduce vectors

Pk+N B
u(k+N k)]

y=[k+11k) Slk+2k)
u=[uk+11k) u(k+2|k)

=[5 7,k) Iy @]

where p(k + | k)denotes the % step ahead output
prediction made at the instant & and the notation
u(k+h| k) denotes the control signal for instant &+ 4

calculated at instant &. Then Eq. (9) can be expressed as

y=Fu+§y (10)
where
A0 - 0
po| 0 S0 0 ()
fr Fea o o

is a lower triangular matrix for causality.

As it will be known that the controller based on the
predictor (10) incorporate automatically an integrator.
In case a double integrator is required in order to follow
ramp type reference, the following predictor is needed
to reach the purpose.

Multiplying both sides of Eq. (2) with the term

A =1-z"', which is a difference operator, we get

ay(hy=2E)

By a similar procedure, we will acquire a predictor for
double integral action.
y =FAu+y (12)

3.2. Integrating Process
An integrating process can be modeled as

Bz

k)=
AM(z)

uk —d)

where d is dead time,A=1-z"'is the difference
operator as mentioned above and A is stable and well
damped. The model can be rewritten as
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1 I 1= Nz
Ay(k):B(Z_l)u(k—d) M=[2-z z N+1-Nz"]
A(z™)

Define

F that t
rom that we can ge ¥ = Hu(k—1)+ My(k)

-1
y(k) = B(z — ) u(k—d)—y(k-1) (13) So Eq. (15) can be written as Eq. (10), and the matrix F
A(z7) can be otherwise expressed as
B(z"
y(k+h)= (z l)u(k+h—d)—y(k+h—1) (14) 7o 0 - 0
A(z™ :
) Jo+fi 0O - 0
Subtracting Eq. (13) from Eq. (14), we get F= Noi Nob R
Dos D S
B B i=0 i=0
k+h)y=—u(k+h—d)——u(k—d
y(k+h) y ( ) y (k=d)
B(z_l) where f;,i=0,1,---,N—1,are the coefficients of the
+y(k) ————~u(k—d)+ y(k=1) : 4 :
Az polynomial F, (z™") as aforementioned.
The controlled system will have double integral
where it is assumed that the sum action for the process itself has the integrating effect.
Bz 3.3. Unstable process
(k) - = u(k—d)+ y(k-1) Rewriting the model (2) as
A(z™

Az My(k) = B(z Yk —d 16
may be different from zero. (& =Bl ) (16)

Using the identity (5) and the definition (6),

. . . 4
iterating the last equation fors =1,2,--- N, we get with 4 monic and denoting A(z"") as

H | Az Y =1+az " +ayz? +4a,z " =1+ 427"
yk+D) = Fulk+h=d) + = Lulk=1)+ 2=z (k)

H where 7 is the order of the process, Eq. (16) can thus be
y(k+2)= qu(k+2—d)+F1u(k+1—d)+71u(k—1) rewritten as

+(3-2z""y(k) y(k) = Bu(k —d)— A y(k 1) (17)

N N and / steps ahead
y(k+N):ZF,-u(k+i—d)+z%+(N+l—Nz’l)y(k) P
i=1 i=1

y(k+h) = Bu(k+h—d)— A y(k+h-1) (18)

In vector form . .
Subtracting Eq. (17) from Eq. (18) and assuming the
y = Fu+Hu(k —1)+My(k) (15) sum y(k)—Bu(k—d)+ A,y(k—1) could not be zero,
we get

where the vectorsyanduare the same as the aforesaid
y(k+h)=Bu(k+h—-d)—Bu(k—d)+ y(k)

and
+Ay(k—1)—Ay(k+h-1) (19)
F, 0 -« 0
FF 0 Introduce the identity
po|
: AB=F +z""G  h=12,--,Nandi=0]1,-,h-1
FF Fy
where F} contains the first s —d +1terms of 4/ B and the
H, H +H, N oo ’ rest is the second term of the right hand side of the
H= y y Z I identity. Notice that in the terms F, and G, i is no more

than a notation which indicates the relation between
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them and 4'B. The polynomial [4(z")]B(z™),
i=0,1,2,---. is of degree (i+1)(n—1) and expressed in
the backward shift operator.

Iterating Eq. (19) for h =1,2,---, N, we can get

y(k+1) = Fu(k+1-d)+(G’ -z Byu(k - 1)
+(A=Ap)y(k)+ 41 y(k-1)

Yk +2) =—Flu(k +1=d)+ FYu(k +2—d)
+[=G) + G — 2" Bl - 4 u(k -1)
+ (1= Ay + A7 ) y() + Ay (1= 4y (ke —1)

N
y(k+N)= ZE.N""u(kﬂ—d)

i=1

N N
+ Z(—l)N"’ GN —zl_de DA k-1
i=1

i=1

N N-1
# D Ay + 4 D Ayk-1)

i=1 i=1
The vector form is
y = Fu+Hu(k —1)+My(k) (20)

where the vectors y and u are the same as the aforesaid

and
F’ 0 0
Fo _El on .0
EDYEY DR e R
G -z""B
Gy -Gl —-z""B(1-4))
H= :
Z(_I)N—l GiN—l —Zl_de (_l)l—l All—l
i=1 i=1
1-A4, + 4,z
1—d, + 47 + 4,(1-4,))z""
M= :

DD AT Y (DA
i=0 i=0

For instance, for the first order system
y(k)+ay(k—1)=bu(k-1)

Following will be resulted

—a 1 e 0
F=b| L
A ORI

1-(—-a)" !

1+a

H=-b1 l-a l-a+a?

l-a+az™!

l-a+a® +a(l—a)z_1
M= :

1-(—a)¥*! +¢£[1—(—a)N]z-1

1+a

By introducing y = Hu(k —1)+ My(k), Eq. (20) can be
expressed in the same form of Eq. (10).

The predictor developed here can be called general
predictor, because it works not only for unstable
processes but also for stable processes and integrating
ones. An integrating process controlled by a controller
based on current predictor owns the double integrating
action for the process itself possesses integrating effect.

Through a similar course, we can get a predictor
for double integral action.

y = FAu+ HAu(k —1)+My(k)

It can be expressed in the form of (12) if the following
is defined.

y = HAu(k —1)+ My(k)

3.4. Unified predictor
Assume that the polynomial A(z ") with degree n, can
be factorized as

Az =4,z 4 (27

where 4, (z") contains unstable and/or poor damped
modes and 4, (z_1 ) contains stable and well damped
modes. A4, (z")and A, (z7')are monic because so

A(z™")is. Therefore 4, (z ") can be expressed as

A,z Y =1+z"4,z"h

Now, the transfer function (2) can be rewritten as

y(k)=A£u(k—d)—A1y(k—1) 21
0

and / steps ahead
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y(k+h):Aiu(k+h—d)—,41y(k+h—1) (22)
0

Subtracting Eq. (21) from Eq. (22) and rearranging the
terms, we obtain

y(k+h):Aiu(k+h—d)—,41y(k+h—1)
0

+y(k)—A£u(k—d)+A1y(k—l) (23)
0

where it is assumed once again the sum

y(k)—fu(k—d)wly(k—l)
0

may be different from zero, so a constant error is
incorporated over the prediction horizon which is,
according to the model (1),

e(k+h)= Aiv(k—d) +Aye(k)  Vh

0

Let us introduce the identity

4B, G,
1_:th+z—(h—d+l)_h

4y 4y

where h=1,2,---,Nandi=1,2,---, N —1, besides, F,fand

G, are the quotient and remainder of the division
A{B/ A,, respectively. A4 Bis a polynomial of degree
(i+1)(n—1). Through iterating Eq. (23) for all values
of h,we get the following.

y(k+1)= Flou(k+1—d)+AL(G1° — 27 Byu(k-1)
0

+(1—4y)y(k) + 4, y(k=1)
y(k+2)=—Flu(k+1-d)+ FYu(k +2—d)

+AL[G§ — G} =z B — 4)Ju(k-1)
0

+ (1= 4 + A7) y(k) + 4 (1— A4) y(k 1)

N
y(k+N)= Z(—I)N"iEN"iu(k+i—d)

i=1

N N
+AL(Z DVIGNT 2By (—l)i‘lAf‘l]u(k—l)

0\ j=1 i=1

N N-1
+ DD Ak + 4D (1) Ak ~1)
i=0 i=0

The predictions can be expressed in condensed form as
y = Fu+Hu(k -1)+My(k) 24)

where the vectors y and u are the same as the aforesaid

and
F 0 0
_F! FY e 0
F= ! z L (25)
A A O
G -z'"B
| Gy -Gl —z""B(1-4))
H=— : (26)
Z(_I)N—l G;'N_l _Zl—de (_1)1—1 All—l
i=1 i=1
1- A4, + 4,z
1— A, + A+ 4,(1- 4z
M = : (27
DDA A (D A
i=0 i=0

After introducingy = Hu(k—1)+My(k), Eq. (24) can
be expressed in the same form of Eq. (10).

Notice that the predictor (24) is identical to that
one for stable processes if A, =4, consequently
A, =1 and 4, =0. The predictor for integrating

processes is the case when A, =1-z"', clearly

A =-1.If A4, =A4,that means 4, =1, the general
predictor results.

Analogously, a unified predictor for obtaining
increments of control signal can be derived.
y = FAu+ HAu(k - 1) + My(k)
It can, of course, be expressed in the form (12) if

corresponding definition is introduced.
By introducing

Al
A=14 4
1~ 42

a general expression of identity can be found

for obtaining u(¢)
for obtaining  Au(¢)

A4;B G,
[~ Fj 4270 Zh g and vi (28)
AO AO

For the last, if introduce the following notation:
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u for obtaining u(t)
W= - (29
Au for obtaining Au(¢)

all the above-mentioned predictors can be expressed in
a unique form

y=Fw+y 30)

4. OBJECTIVE FUNCTION

Different objective functions have been proposed for
different model predictive control (MPC) algorithms.
But the aim is basically the same. The distance between
the future output and the reference and the control
efforts are penalized. The general expression for such
an objective function is

N,
TN, Ny, N )= D A+ =k +)T

i=N,

Nu
+ > PN ulk+j-DF (31

J=1

where Ny and N,are the minimum and maximum
prediction horizons and N, is the control horizon. A(i)
and p(j) are coefficients whose elections depend on
pretension to future behavior of the system. The
signal r is the reference.

One of the advantages of predictive control is that
the system can react before the change has effectively
been made if the future evolution of the reference is
known a priori. That, consequently, avoids the effect of
delay in the process response.

It is needed to redefine the objective function in
order to obtain an optimal sequence of increments of
control signal.

N,
TNy, Ny, N )= D Ak +) =k +)T

i=N,

Nu
+ > PN ulk+j-D  (32)

J=1

A reference trajectory is frequently used in the
objective functions (31) and (32):

ym(k) = y(k)
yo(k+h) =ay, (k+h-D)+(1-a)r(k+h)  h=1-N

where o is a parameter of design and takes the value
between zero and one, the closer to unity the smoother
the approximation.

In this paper p(j)=constant, Vj and A(i) =1,Vi,
are adopted for the sake of simplicity, unless otherwise
indicated.

5. CONTROL LAW

The aim of the MPC is that the future output on
considered horizon should follow a determined
reference signal but the control effort is taken into
account too. Thus the objective function should be
minimized. The product of the minimization is the
control law. Namely, the objective function will be
minimized by using the resultant control law. For this
purpose, the following are introduced.

r=[r(k+1) rk+2)
u(k) =[u(k +1-d| k)
u(k 1) =[u(k +1-d | k-1)

rk+ N
u(k+N—d |l
u(k+N—-d|k-DJ"

hence
Au=[u(k) —u(k - 1)]7

Assume N, =1 without any loss of generality. The cost
function (31) can be written as

J(ULN, N )=(y -1 (y-r)+ pAu’ Au
=[Fu(k)+¥ —r]' [Fu(k) +¥ - r]
+ plu(k) —u(k - D1 [u(k) —u(k - 1)]

where Eq. (10) is used as a general case. Minimizing
the cost function with respect to u(k), we get

u(k)=(F"F+p) ' [FT (r =) + pu(k - 1)] (33)

The first element u(k) of vectoru(k)is applied to the
process. The control law is calculated again when a new
measurement is obtained at the next sampling instant.
Thus, the receding-horizon control concept is used.

The control law (33) incorporates implicitly the
integral action. This will be proved below. It is time
invariant if the process to be controlled is time
invariant.

A matrix of dimension N x N has to be inverted in
the calculation of the control law, where Nis the
prediction horizon. It is possible to introduce
constraints on the future control signal in order to
decrease the computations. Assume, for example, that
the control signals are constant after N, steps,

with N, < N,

u(k+N,)=u(k+N,+)=--=u(k+N)
This implies that the control increments are assumed to
be zeros after N, steps. The control law (33) should be

modified to

u(k) = (R'F + p) ' [FT (- §) + pu(k —1)]
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where F is a N x N, matrix. Therefore, the matrix to be
inverted is now N, x N, dimensions. For instance,
applying mentioned assumption, the matrix described in
Eq. (11) will be

So 0
y fo
F, = /;\'/]:-1 -2 N fo

PR R R £

Sitto

N-N,
Sy I o fyenea D0
i=0

By an analogous procedure and with the predictor
(12), we can get an optimal sequence of increments of
the control signal for double integral action.

Au(k) = (FTF+pD)'[FT (r =)+ pAu(k-1)]  (34)
The control law can be expressed as

Au(k) =L[F" (r—§)+ pAu(k —1)] (35)
(k) = u(k —1) + Au(k)
where L is the first row of the matrix (F'F + pI)™.

Now let us demonstrate one of the properties of the
controller (33). Firstly we introduce a definition.
DEFINITION 1 Estimation of Output

The vector given byy=Fu(k—1)+Y is a estimation of

the vector given by'y = Fu(k)+y with the available data

at instant k before calculatingu(k), becauseu(k —1)is

obtained before instant k andy is obtained at instant k.
THEOREM 1 Integral Action

The control law (33) derived by means of minimizing

the cost function (31) possesses the integral action.
Proof: Assume Ny =d =1without any loss of

generality. The control law can be rewritten as

(FTF + phu(k) - pu(k-1) =F (r-y)
Subtracting the term ¥ Fu(k —1) on both sides of the last
equation, using the definition and gathering the terms,
we get

(FTF + pD[u(k) —u(k -1)] = F' (r - §)
Thus

u(k) =u(k-)+FF+ o) 'F (r-)

In words, the control law (33) has the integral action. O

It deserves to be mentioned that a controlled system
will have offset in steady-state ifu instead ofAuis
penalized. But it is an alternative penalizingu when a
regulator is wanted.

Now let us introduce the suboptimal concept.
When replacing the vector wu(k—1)=[u,(k-1)],
h=1,---,N, with lu,(k—1), where 1=[1 1 --- 1]
an N x1 vector, in the calculating of the control signal, a
suboptimal controller is obtained. The suboptimal
concept can be used to reduce computation burden and
overshoot. For example, the process G(s)=1/(s+1)is
controlled by a controller with following parameters
N=8,N, =1land p=0.1. Its step response is drawn
in Fig.1 (blue trajectory). Assume a quicker recovery
from disturbance is required. It can be reached with
larger N,,. The red trajectory (left drawing of Fig.1) is

resulted when N, =5.Larger N, means larger burden

of computation. But it can be reduced by using the
suboptimal concept as above-mentioned. The result is
plotted in the left drawing of Fig. 1 (dashed). Notice
that the dashed one and the red one are very similar.
Here the reference trajectory which was mentioned in
Section IV is used to lower the overshoots. However,
the suboptimal concept can also be used to change other
dynamic aspects of a controlled system. Fig.1 (right)
depicted the result of using it to cut down the overshoot
of the same process given above. After applying the
suboptimal concept, the dashed trajectory is gotten.

System responses System responses

Iz

Amplitud

=
o

Amplitud
o
=

0 j 0

0 5 10 15 0 1 2 3 4 5
Time Time

Figurel. Step Responses of the System. The Left:

N, =1 (blue), N, =5 (red) and N, =2 (Dashed). A

Load Disturbance Is Introduced at Time 6. The Right:

Results of Applying the Suboptimal Concept to Reduce

Overshoot.

In order to demonstrate the double integral action
of the control law (35), the following definition is
introduced.

DEFINITION 2 Estimation of Output

The vector given by y = FAu(k —1)+Y is a estimation of
the vector given byy =FAu(k)+Y with the available
data at instantk, becauseu(k-1) is obtained before
instant k andy is obtained at instant k.
THEOREM 2 Double Integral Action
The control law (35) derived by means of minimizing
the cost function (32) possesses the double integral
action.
Proof:
generality. Eq. (34) can be rewritten as

Assume Ny =d =1without any loss of
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(FTF + ph)Au(k)— pAu(k—1) =FT (r-3)

Subtracting the term F” FAu(k —1) on both sides of the
last equation and manipulating algebraically, we get

Au(k) = Au(k 1)+ (F'F+ p) 'F" (r-y)

wherey = FAu(k —1)+Y as defined. Thus the sequence
Au is obtained by means of integrating. That signifies
the increment Au(k)is given by integration. And

another integral action is given by
u(k) =u(k—1)+ Au(k)

Therefore the double integral action of the control law
(35) is revealed. 0

Previous theorems are illustrated with some simple
examples. All of them are the particular case with
following assumptions: constant future control, namely
u(k+i)=u(k), i=12,---,h,there is no constraint on
the control effort and it is desired that
y(k+ h) =r(k+h), where A is the prediction horizon. In
other words this is the case when N, =1, p=0and
A@) =0, i=12,---,h—1 but A(h)=1.

Example 1. Consider a first order process

y(k)+ay(k—1)=bu(k—-1)

If it is open-loop stable and well damped, we can use
the predictor (10) for stable process case. After
algebraic manipulations, we obtain the control law

(I+a)(1+az™)

u(k) = u(k -1)+ P

[r(k+h)=y(k)]

We can also use the predictor for unstable process case
to obtain the control law no matter whether the process
may be stable or not.

l+a

u(k) = u(k —1) +m{r(k +h)-[a+pz"] y(k)}
where
g =™ podl-Ca']
1+a l1+a

Example 2. Consider the same process of
Example 1 and assume it is open-loop stable and well
damped. It is desired that the output of the process can
follow a mixed trajectory composed of steps and ramps.
So the double integral action is needed. Using the
predictor (12) and manipulating algebraically, we will
finally get

Au(k) = Au(k = 1)+ E[r(k +h) — (h+1—hz ") y(k)]
u(k) = u(k - 1)+ Au(k)

where

£= (1+a)’(Q+az™)
S bh(l+a)+a+(-a)"]

Example 3. Consider an integrating process

by +byz ™"

L o k=D
(1-z7)A+az™)

y(k) =

with the pole p = —a in the unit disc and well damped.

Using the corresponding predictor, we can get the
following control law through same manipulations.

u(k) =u(k =) +nlr(k+h)—(h+1-hz")y(k)]

(1+a)(1+az™")
h(b, +b,) - 1721__’_&[1 —(=a)"1+h(+a)b,z™
a

wheren =

6. STABILITY AND ROBUSNESS
No Mathematic model is able to describe exactly a
physical process. Some approximations are always
made. However, it is desired that the controlled system
should be insensitive to those uncertainties in the
model.

In the absence of theoretical results, some
numerical analyses are presented.

Let N; =d and assume the transport delays are

multiple of the sampling time for all cases. Only a few
types of uncertainties are considered here.
Case 1. Consider a stable process

b —T5
e
(s+a)

G(s) =

with nominal valuesa=2andb=0.5, which is

sampled with sampling time 0.1 seconds, so the discrete
nominal plant is

(k) —0.8187y(k —1) = 0.0453u(k — d)

The nominal system is stable for all N >d, and
1<N, <N-d+1.

The simulations withN-N;=0,N, =1 and
p = 0.1 show the followings.

1. Uncertainty at the pole: When d = 1, the system
is stable for a2>0.01.That is to say an
uncertainty of about £99.5% is permitted.
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When d =10, the system keeps stable
for a > 0.6. That means an uncertainty of about
+ 70% is permitted. Fig. 2 is step responses
and Nyquist diagrams.

2. Uncertainty of the gain: Whend =1, the
system dose not loss stability for
0.01 <b <80.Namely a variation about +98%
is allowed. When d =10, the system is stable
for 0.01<bh<1.6. That is a variation about
+98% is allowed. See Fig. 2.

3. Unmodelled pole: Assume that the real process
has another pole—2cbut its static gain
maintains the same in spite of the existence of
another pole. When d =1, the system is stable
foro >0.1. When d =10, the system is also
stable for o > 0.1. Fig. 3 shows step responses
of the controlled system and Nyquist diagrams
when the real process has a less dominant
pole —10.

4. Uncertainty at the delay: Whend =1, an error
of 12 units is tolerated. When 4 =10, an error
of 19 units is tolerated and for all the possible
negative values of delay mismatch, from -1
to—9, the controlled system does not lose
stability. See Fig. 4.

Outputs

Nyquist Diagram

Amplitud
o
&>
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0 ’ é 1b 1‘5 20 7'15 -1 Uc[] 05 1 15
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Figure 2. Responses of the Nominal System to Step Type

Reference and Load Disturbance (Left), and Nyquist

Diagrams (Right) whend =1 (Blue) and d =10 (Red).

Outputs Nyquist Diagram
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Figure 3. Responses of the System to Step Type
Reference and Load Disturbance (Left), and Nyquist
Diagrams (Right) with Unmodelled Mode when d =1
(Blue Trajectory) and d =10 (Red Trajectory).
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Figure 4. Step Responses of the Controlled System
under the Uncertainty at the Delay, when d =1
(Above) andd =10 (Middle and Below). Only Those
with Even Numbers of Delay Units Are Depicted for
Clarity.
Case 2. Consider a stable second order process
2
G = e
§°+20ws+ o

with nominal values{ =0.5and @ =1rad/s, which
means the process has poles at—0.5+ j0.8660. It is
sampled with sampling time 0.1 seconds.

0.0047 + 0.0044z 7!
1-1.8097z" +0.8187z 2

y(k) = u(k—d)

The nominal system is stable for N—N, =0 and
N —N,; 24.The simulations withN-N,=7,N, =1
and p = 0.1 obtain the following results.

1. Uncertainty of the damping: Whend =1, the
system is stable for 0.01<¢ <10.That is to
say an uncertainty of about +98% is
permitted. When d =10, the system keeps
stable for 0.2<¢ <10.
uncertainty of about + 30% is permitted. Fig.
5 is the step responses of the controlled
nominal process and the correspondent
Nyquist diagrams.

2. Uncertainty of the nature frequency: When
d =1,the system does not lose stability

That means an

for 0.45 <w <2.5. Namely a variation about
+55% is allowed. When d =10, the system is
stable for0.5<w <1.35.That is a variation
about +35% is allowed. See Fig. 5.

3. Unmodelled pole: Assume that the real process
has another pole—0.50 but its static gain
maintains the same in spite of the existence of
another pole. When d =1, the system is stable
foro >0.3. When d =10, the system is also
stable for o >0.3. Fig. 6 shows the step
responses and the Nyquist diagrams when the
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real process has a less dominant pole —10.If
the real process has a couple of conjugated
complex poles —0.50 + j0.8660w is assumed,
the controlled system is stable, for example,
for 0 >3,w =lor foroc =1, >5 whend =1,
and foro>1.5@w=1or o=1w>2 when
d =10.A drawing similar to Fig. 6 can be
obtained under the assumption that the real
process has another less dominant couple of
poles —10+ ;8.660.

4. Uncertainty at the delay: Whend =1, an error
of 6 units is tolerated. When d =10, an error of
14 units is tolerated and for all the possible
negative values of delay mismatch, from -1
to—-9, the controlled system remains stable.

See Fig. 7.
Outputs Nyquist Diagram
i i 1 ' AL
1 7 Y t‘
/ 7 205
3 / N z
A ' g 0
g05/ =4
< | <05
i E
0" / L L L 4 b )
0 5 10 15 0 45 4 05 0 05 1 15
Time Real Axis

Figure 5. Responses of Nominal System to Step Type
Reference and Load Disturbance (Left), and Nyquist
Diagrams (Right) whend =1 (Blue) and d =10 (Red).
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Figure 6. System’s Responses to Step Type Reference
and Load Disturbance (Left), and Nyquist Diagrams
(Right) of the System with Unmodelled Mode

when d =1 (Blue) and d =10 (Red).
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Figure 7. Responses of the Controlled System to Step
Type Reference under the Uncertainty at the Delay,
whend =1 (Above) and d =10 (Middle and Below).
Only Those with Even Numbers of Delay Units Are
Depicted for Clarity.

Case 3. Consider a second order integrating
process

a -5
) = s(s+a) ¢

with nominal values a = 2. It is sampled with sampling
time 0.1 seconds.

0.0094+ 0.0088z " )
(1-z"(1-0.8187)z2

(k) = (k—d)

The nominal system is stable for N >4 and N, =1
whend =1.It is stable for N>=10 and N, =1
whend =10. For this particular case, the controlled
system is not always stable for N, <N -—d+1.The
simulations withN-N, =7,N, =land p=0.1 when
d=1and with N-N,=32,N, =1 and p=0.1 when
d =10 show the followings.

1. Uncertainty of the parametera: Whend =1,
the system is stable for 0.01<a <20.That is
to say an uncertainty of about +98% is
permitted. When d =10, the system maintains
stability for 0.9<a<20.That means an
uncertainty of about * 55% is permitted. Fig.
8 is the step responses of the controlled
nominal process and the correspondent
Nyquist diagrams.

2. Unmodelled pole: Assume that the real process
has another pole—2cbut its static gain
maintains the same in spite of the existence of
another pole. When d =1, the system is stable
for o >2.4. When d =10, the system is stable
for o >3.5. Fig. 9 shows the step responses
and the Nyquist diagrams when the real
process has a less dominant pole —10 or —20.

4. Delay uncertainty: Whend =1, an error of 2
units is tolerated and up to 4 is tolerated when
N =18.When d =10, an error of 6 units is
tolerated and up to 10 units is tolerated
when N = 50. And for all the possible negative
values of delay mismatch, from —1 to-9, the
controlled system preserves stability. See Fig.
10. It is noticed that the tolerance is dependent
on prediction horizon.
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Outputs of Controlled System Nyquist Diagram
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Figure 8. Responses of the Nominal System to Step
Type Reference and Load Disturbance (Left), and
Nyquist Diagrams (Right) whend =1 (Blue Trajectory)
and d =10 (Red Trajectory).
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Figure 9. Responses of the Controlled System to Step
Type Reference and Load Disturbance (Left), and
Nyquist Diagrams (Right) with Unmodelled Mode
when d =1 (Blue Trajectory) and d =10 (Red
Trajectory) and when o =10 (Superior) and
o =5 (Inferior).

Outputs under uncertainty at the delay
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Figure 10. Step Responses of the System under the
Uncertainty at the Delay, whend =1 (Above) and
d =10 (Middle and Below, Only Those with Odd
Numbers of Delay Units Are Depicted for Clarity).

Three numerical analyses of controlled systems
have been given. Those controllers were based on the
predictors for stable processes or for integrating
processes. In the following the controller based on the
predictor for unstable processes will be used in order to
compare the proposed controller with that based on the
CARIMA model.

The CARIMA model is

Az )y =2 Bz yulh) + c(z—l)%

where eis a white noise. The comparisons will de made
under the conditions C(z')=1for the CARIMA

model, and S,(z ") =1,7,(z"") =1 (see Section VII for
the definitions) for the ARMA model.
The process to be controlled is a stable one.

y(k)—ay(k=1)=bu(l-d)

For the range of variation of the parameters:
0.1<a<0.98and the possible values of gain with
which the controlled system keeps stable. The
numerical results show that no difference, in respect of
tracking a reference and rejecting disturbances, can be
observed between the controller based on the predictor
for unstable processes and that based on CARIMA
model whend =1.However, when d =10,the pole is
biga =0.98, and the process gain is 5, the system
controlled by controller based on predictor for unstable
processes can tolerate a delay estimation error of 7
units. See Fig. 10. Nevertheless, for a delay of 10 units
a delay mismatch of one unit is permitted by the
controller based on CARIMA model (Camacho,
Bordons, 2007).

Outputs under delay uncertainty
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Figurel 1. Step Responses of the System under Delay

Uncertainties, when d = 1 (Above) and d = 10 (Middle

and Below, Only Those with Even Numbers of Delay

Units Are Depicted for Clarity).

7. A CLASSICAL POINT OF VIEW

The terms 7 and R can be incorporated when the
controller (33) or (35) is viewed as a classical
controller,

Rz u(k) =T (z")yr(k) = S(z"")y(k) (36)

For doing so, introduce

S1(Z_1)
— )

k)=
77 ® T1(Z_1)

) (37
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with §,(1)/7T,(1) =1for avoiding static error, and
factorize 4 as A = A, Ay and use the identity (28) in

order to get a general sense result. Thereby the model
(2) can be rewritten as

S1(Z_1)

S e e

w(k —d)

where w is defined as (29).

By a similar way to that in Section II, we can get a
predictor with the form of Eq. (30). It can be also
expressed in the form of Eq. (19),

vy =Fu+Hu(k-1)+My , (k) (38)

where F has the same form of (25), replacing the
polynomials 7}, B and 4, of the Eq. (26) and (27)
with 4,7}, BS, and 4;, respectively, we can get the new

matrixes H and M for Eq. (38).
LetI'=[y,],i=1,2,---,N be the first row of the

matrix (F'F+pI)"F and 1=[1 1 11" an NxI

vector, where N is the prediction horizon.
Eq. (33) and (34) can be expressed as

w(k)=(F"F+ pl)"'[F" (r =)+ pw(k -1)]
It is equivalent to
(FTF + phyw(k)— plw(k=1) =F" (r -¥)

because the receding-horizon concept is used.
Subtracting F F1w(k —1) from both sides of the last
equation and manipulating algebraically, we get

w(k)—1w(k —1) = (F'F + pI) 'F'[r -y — Flw(k —1)]

However, only the first element of the vector is used,
therefore the following results.

A=z HYwk) =T[r -y - Flw(k —1)]

Assume N, =1without any loss of generality and

consider that the future reference keeps constant along
the horizon or its evolution is unknown. That
isw(k+h)=w(k),vh. By means of algebraic

manipulations, we can get

N
(=2 YRyw(k) = AT, D 7,7 (k)
i=l

N i
— 408, Dy, M+ (1) 4] 1=z "))
=l j=1
where

(I—Z_I)Rl :(I—Z_I)AoTl
N i o ) o o
+27 D (=) [(1—2*’)Gl’;f +(1-z"7 )A;*JBSI]
i=l =l
=(1-z7"H4,T,

N i
+(1=zN2" > =) [El’iGl’/'-’f + ngdAjfstl]
=l j=1
where P! denotes a polynomial of degree /. The second
equality is obtained for the fact that a polynomial
1—z™", m integers, has always a factor 1—z"'is used
(De Moivre’s theorem). Thus compare the third
equation from the bottom with Eq. (36), we get

R=(1-z"YR,
N i
S= 48y yi Y [+ (1)) 4] 1=z

=1 j=1

N
= Aole%‘
i=l

The controlled system is, according to the model (1),

B
Ayx(k) = [u(k) +v(k)]
N
(k) = x(k) +e(k) (39)

Ru(k) = Tr(k) - Sy(k)

where 4,4, = Aas foresaid. By resolving Eq. (39) for
x,y and u,we will get the characteristic equation.

AR+z9BS =0

A proper selection of the term or filter 7, can improve
the robustness. Signals with certain frequencies can be
suppressed by requiring that the polynomial S(z™)
vanishes at corresponding values of z. There is no
steady-state error when the load disturbance is a step
for the existence of an integrator. That is R(1)=0. Due
to the latter, the present section can be regarded as
another proof of Theorem 1.

Notice that the obtained controller is dependent on
prediction horizon and on delay as well if d > 1. It is not
obvious whether there is virtue for this distinguishing
feature. Simulations show that a small N is enough to
stabilize a system and that the sensitivity of a controlled
system is closely related to prediction horizon.

8. CONCLUSION

According to simulations, the ARMA model based
GPC presented here can deal with a great variety of
processes, stable and unstable ones as well as those of
nonminimum phase. The predictor formulated for
unstable process can be also used for stable ones as well
as for integrating ones. However, there is difference
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with respect to the dynamic response of the controlled
system to disturbances and to uncertainties when
different predictor is used. To say roughly, a system
controlled by a controller based on the predictor for
unstable processes is less robust but more rapid to
recover from a disturbance. The derived relationship
between GPC and RST controllers indicates how to
improve the controller if it is needed. There are
potential applications of proposed controllers in the
case of poor estimation of process delays. All the
matrixes involved F, Hand M,can be calculated
recursively. Present method presents difficulties when
it is used to control unstable and simultaneously
nonminimum phase processes. Some of them can be
controlled with large N and N, > 2.
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