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ABSTRACT

This article presents an application of the fireley
sliding mode control in order to damp the mechdnica
vibrations of a flexible one-link manipulator using
piezoceramic actuators.

The flexible manipulator, seen as a multiple inputs
multiple outputs system is decoupled using state
feedback scheme.

The model of the system is deduced using the finite
element method, and its response to a control éoigju
calculated using the Lagrange equations. The state
space equations are expressed in order to sinthkfy
simulation and the controller implementation.

Keywords: flexible structure, first order sliding one
control, state feedback decoupling, piezoceranticadors.

1. INTRODUCTION

The active control of flexible structures has been
covered by a large number of research papers due to
its high potential for industrial applications. Famall
amplitude vibration on very flexible structurestiae
approaches lead to lightweight and high performance
control systems [1].

Used as sensors or actuators, piezoelectric misteria
have been well-studied [1], with [2] the first to
suggest this idea.

Bailey and Hubbard [3] used distributed-parameter
control theory and a piezoceramic actuator to abtiv
control vibration on a cantilever beam actively.

Other researchers [4,5] studied the effect of the
actuators on the host structures for vibration mdnt
through modal shape analysis. A variable structure
adaptive controller developed by [6] to control tzam
forces on a cantilever beam used only the outpeefo
as feedback, resulting in undesirable chattering.
Artificial neural networks (ANN) for identification
and state feedback control of flexible structuraseh
been implemented with good preliminary results [7].
Robust control focuses on the ability to have good
control performance and stability in the presente o
uncertainty in the system model as well as its
exogenous inputs, including disturbances and noise.
The H1 controller compensates for some of these
uncertainties in active vibration control [8]. Ratlg,

[9] developed a robust rejection method using a
Kalman filter to estimate the system states under
persistent excitation.

A large amount of research has focused on the
optimization of sensors/actuators numbers and
location, an example being [10]. Wang et al. [14yén
very recently introduced PC for vibration suppressi
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on a motor driven flexible beam, with very good
simulation and practical results. These initialutes
were used also to diminish tip vibration on fleribl
beams [12].

The problem of decoupling linear multi-inputs multi
outputs systems has been subject of a great nunfiber
researchers works. Morgan [13] gave a sufficient
condition for decoupling systems and defined aenath
restrictive class of control laws which decouple.
Additional results were obtained by Rekasius [14].
More recently, Falb and Wolovich [15] gave
necessary and sufficient conditions for decoupling.
They also restricted the class of control laws Wwhic
decouple, which subsumes the classes introduced in
[14] and [15]. Still more recently they obtained
necessary and sufficient conditions on control l&ws
decoupling.

The control design methods to dominate the
uncertainties and disturbances of systems have also
attracted great research interest [16_18].

Among existing control strategies, the sliding mode
control (SMC), first proposed in the early fiftieis,
one of the most suitable control design methods to
dominate the uncertainties and disturbances aciing

a system [19]. In the early sixties, the method has
gained significant research attention, and has been
widely applied in a variety of applications [18]hi§
technique has been applied to control a one flexibl
robot arm by [20].It also has been developed in
association to piezoceramic actuators[21, 22].
Advantages of the SMC are robustness to parameter
uncertainty, insensitivity to bounded disturbandast
dynamic response, remarkable computational
simplicity with respect to other robust control
approaches and easy implementation [18].

The problem of the traditional (first-order) SMC
method is mainly the problem of chattering. The
chattering is due to the inclusion of the sign tiorc

in the switching term and it can cause the control
input to start highly oscillating around the sligin
surface, resulting in undesired actuators effethés
problem has been processed using two approaches:
the first is to smoothen the switching term as the
sliding surface gets closer to zero (soft switchibyg
using the continuous approximations of the
discontinuous sign function, and the second is to
generate  “higher-order sliding modes”, first
introduced by Levant in 1987 [23]. In first order
sliding mode controller design, the sliding surfase
selected such that it has relative degree one with
respect to the control input. That means the contro
input acts on the first derivative of the slidingface.
Higher-order sliding mode is the generalizatiorthaf



first-order sliding mode and the control input is
performed such that it acts on higher derivativiethe
sliding surface.
This paper will present a contribution based on the
association of the state feedback decoupling aad th
first order sliding mode control to actively damp a
flexible one-link manipulator.
The one-link manipulator considered as a Bernoulli
beam is modeled in section 2 using the Euler -
Lagrange formulation. The proper modes of vibration
are calculated based on a finite element analysis a
truncated to the first two more significant modes.
Piezoceramic actuators effect on the model is
introduced via the stiffness and force matrices. In
section 3, the formulation of the decoupling proble
is presented, and the control laws to decouple are
calculated. Section 4 will deal with the first orde
sliding mode controller implementation. Thus, the
sliding surfaces will be designed, and the corirais
will be expressed. Finally, results of simulatiofil w
be illustrated in section 5, and conclusions giuen
section 6.
2. MODELING OF THE FLEXIBLE ONE-
LINK MANIPULATOR

This section deals with the modeling of the flegibl
one-link manipulator. A model is developed for the
case of a manipulator with one flexible link
constrained to acting on a horizontal plane, anithvh

is rigidly attached at one end to the shaft of lateac
servomotor.

Two reference systems are defined:

1. X-Y-Z system: An inertial system with its origat

the centre of the shaft of the actuator, its z-axis
aligned with the shaft, and the x-axis aligned wité
home position of the manipulator.

2. r-w-Z system: A rotating system, attached to the
actuator's shaft, with its z-axis coincident witiet
inertial system's z-axis and its r-axis tangenthe
link at the shaft.

Figure 3.1: Configuration of the flexible one-link
manipulator

The total displacement of the manipulator is

considered to be the sum of rigid body rotationsplu
the flexible motion, as follows:

N
y(r,t) = 6().7 + w(r,t) = 8(t).7 + Z a; (). ;1)
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Figure 3.1: The flexible one- link manipulator
displacement
The relative displacement is truncated to the finsi
flexible modes that have the most significant
contribution to the global behavior of the system.

w(r, t) = a;(t). @1 () + ax(t). @ (r)

Two layer of piezoelectric film are bonded to the
manipulator in order to control the flexible modes.

2.1 Effect of the servomotor

The behavior of the link relative to the r- w -Zstgm

can be analyzed using beam theory. Assuming tleat th
link is a homogeneous slender beam of constanscros
section, the equations of motion can be found using
the Bernoulli-Euler theory.

The flexible modes are calculated using the finite
element method.

The elementary matrices of mass end stiffness are
given by:

156 221 54 —131
_PsLL 221 42 131 —312]
420| 54 131 156 —22I
—131 —312 —221 42

12 6l —12 6l

_ o3| 61 42 -6l 212
K= El/L [—12 -6l 12 —6l]
6l 212 —61 4l

And the analysis leads to an equation like:

Mg+ Kq=0
The proper modes are given by the eigen vectors of
the matrix:M 1K, and the pulsations of vibration are
given by the eigen values of the same matrix.

The magnitude of the velocity of any point of tik|
can be obtained by:

J(r,t) = 6(0).1 +w(r, ) = 6(0). r+za ®). 9;(r)

The kinetic energy of the manlpulator can be wnitte
as the sum of rotational and translational comptmen
as:

_Jm G(t)2

f y(r,t)? dm

2
2
]m H(t) 2f <H(t) r+2a (®). (pl(r)> p.S.dr

Wherep is the density of the beam s materfaland |
respectively its cross-sectional area and moment of
inertia, and,, is the motor fixture inertia.

The potential energy is stored in the manipula®r a
strain energy in the flexible link, and it can be
expressed in terms of the mode shapes and modal
coordinates as follows:



1 Lro2y(r,t) 2

2
1t 92
ZEEI,[) (;ai(t). 972 dr

E is the Young's modulus.

The joint angle and the modal coordinates can be
grouped to form a vector of generalized coordinates
defined as:

G3x1 = [0 a, a;]"
Similarly, the torque T applied at the joint anceth
modal forces can be grouped to form a vector of
generalized forces.
Since there are no modal forces being applied ¢o th
system, the vector of generalized forces can bienri
as:

Qsxa = [T00]"
The work done by non-conservative external forces
can then be written in terms of the generalized
coordinates and forces as:

Whe = QTq =T
Since the kinetic and potential energy are already
expressed in terms of the vector of generalized

coordinates, the Lagrange's equations can be
expressed:

i=1..N

d (d(T=V)y aT-V)
E( a4, )_ aq; =
Substituting the expressions for kinetic and paaént
energy and performing the required operations, one
obtains the following matrix equation, which is et s

of 3 ordinary differential equations, that modeé th
dynamic behavior of the system:

M§+ Kq = I 0 Iu(t) = f.u(t)
|

Lol
Where u is the control voltage sent to the servomot
amplifier. The system matrices are given by [12]:
pSL3
3

) L L .
Jm+ pSf @ (r).7r.dr pSf @, (r).r.dr
L ° ‘
pSf @, (r).7r.dr pSf @ 2(r).r.dr 0
o 0 L
pSJ @, (r).7T.dr 0 ij @2 (r).r.dr
RS o |
ro 0 0
L (9%, (r,0)\’
0 EIf( oulr )> dr 0
o ar
L (82¢,(r,0))’
Elf < 4’2(: )) dr
o or ]

The motor and hub parameters needed for the numeric
calculation of the mass and stiffness matrices are
shown in Table 2.2. The link parameters are listed
Table 2.1.

Table 2.1: Link Properties
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Density p = 2700 Kg/m
Length L=11m
Young’s modulus E = 6.9 1bPa
Cross-section area S = 896w
The quadratic moment =267

Table 2.2: Motor-Hub Properties

Motor-Fixture Inertia | J=4 10°Kg m?
Friction Coefficient B, = 6.79 10 Nm/rad/s
Motor Constant k=1Nm/V

The effects of actuator friction and the link sturel
damping can be included in the model via a viscous
damping matrix given by:

B, 0 0
H=10 2&Emy,w, 0
0 0 28,ms30,

Where w; i = 1..2 are the clamped-free frequencies

of the link, m;; are the corresponding elements of the

mass matrix, and¢, are the modal damping

coefficients.

This yields to the following modified dynamic model
MG+ Hq+Kqg=knu

2.2 Effect of the piezoceramic actuators

When the piezoceramic film (PZT) is used as an
actuator, its effect on the dynamic model is thioug
the passive stiffness and the force produced by the
actuator.
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Figure 3.3: The PZT actuators setup

The contributions of the "h PZT to the overall
stiffness matrix and global force matrix are giv@gn
[24]:

I A AR f (d2¢i(x) d2¢j(x>> i

Py 4 dx? dx?
Fpi = fpiup ()
Clearly, K,;; = 0 when i does not equal j due to the

orthogonality characteristics of mode shapgj. is
the generalized force associated with thenbde. The
coefficient of the generalized force is defined as:

dsiEWety (76, (@*¢:()
= —sgn(z) gt | e (S a ) d

n
N

Where u;(t) is the voltage applied to the"PZT
actuator.

Introducing the effect of piezoelectric films, thew
system dynamic model can be described as

Mpsq + Hpsq + Kpsq = fpsu



The new modal stiffness matrkk,; is a combination

of matrix K and K;

[0 0 0
Ld?¢s(r) ]
K — |0 EbICSJ; PR dr + Kp11 0 |
ps = |
Ld?p,(r) |
lO 0 Eblmfo ) dr + Kp22J

Where Kp; = ¥7_1Kp;;and Kji; is obtained by

evaluating Eq.(12) with the parameters on nth PZT
film.
The modal force coefficient matrf, is

0 foo o fa
0 fr  fp

ku 0 0
fps =

Wherefp; is obtained by evaluating Eq. (14) with the
parameters of nth PZT film associated with mode i.
The input voltage vector u to the motor that rotae
beam and the voltage to the PZT actuators are:

U = [ty (1) up(t) uz(®)]ix

Therefore, the system’s generalized force matriw no
includes two components: the force produced by the
voltage applied to the motou,,(t) and the force
produced by the voltage applied to the piezoelectri
actuatorsup (t)(n =1, 2).

The PZT parameters are shown in Table 2.3.
Table 2.3: Piezoceramic actuators properties and

placement
Material PZT
Application Actuator
Charge constantd(C/N) 175 - 10°
Capacitance Q(F) 2. 10°
Young’s modulus E(N/m2) 6.5 - 18
Width W, (m) 0.025
Thickness (m) 5.10
Length (m) 0.025
Shape functior®, 1
s (m) 0.1
71 (m) 0.125
72 (m) 0.150
72 (m) 0.175

2.3 State Space equations formulation

For modeling and control purposes it is conventent
write the model of the system in state-space fasn,
follows:

x(t) = Ax(t) + BQ(t)
Wherex =0 a,a, 6 a, a,]"

Matrices A and B are defined in terms of the s&ffg,

mass and damping matrices,,, M, and H,,
respectively, and the force vecior.
A= 033 I3
_[Mpsilkps]3><3 _[Mpsials]3 x3feve
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And B = [ -1 ]
n =
M f 6X3

Since the tip displacement is considered, the dutpu
vector is given by:

y1(6)
y=C.x=|y,(t)
y3(t)
With :
y1(t) =L.6

y2(8) = ¢, (L)ay (t)
y3(t) = ¢,(L)ay ()

So the total tip displacement is expressed asuhe s
of the rigid body motion plus the flexible cmodal
contributions.

d(L,t) =L.0 + a;(t). o1(L) + a,(t). p,(L)
L is the beam length.
Thus the matrix C is defined as follows:

L 0 0 0 0 0
c=10 ¢, (1) 0 0 0 0
0 0 ¢, 0 0 0

3. STATE FEEDBACK DECOUPLING

This section deals with the application of a feattba
control in order to decouple the closed-loop system

3.1 The decoupling method
Consider a linear dynamical system S:

x=Ax+B.u
y=Cx+D.u
With inputs:

u(t) =[u; up .. T

um]lxm

State:
x(0) =[x, xp x3 . x,]7
And outputs:

yO =1 y2 -

Ym]{xm

The control law used, as originally proposed by
Morgan is given by [13]:

u=F.x(t)+G.v(t)
=F.x(t)+G[v, vy v3 . Vyullim
Where F and G are real, constant matrices of
appropriate size, ane(t) is the new input to the
closed-loop system.
The key to the solution of the decoupling problesna i
canonical representation of integrator decoupled
systems.
The system (S) can be decoupled if and only if the
matrix given by :

[CB CAB CA®B ..
is nonsingular.
The transfer function of the decoupled system\ggi

by:

CA™'B]



H(s,F,G) =C.(I,.s—A—B.F)"\.B.G
Where I, is the xn identity matrix, and s is the
Laplace transform variable.

Decoupling the system consist on computing matrices
F end G in order to havé diagonal and nonsingular.

Let C; be the T row of the output matrixC, and
Di = Ci.Adi.B, W|th

_ {0 if G,B+#0
i7jif c.B=0
Where j is the largest integer frorfl,2,..n — 1}

such thatC;. A% B=0for k=0,1,..j — 1.

Onced; andD; are calculated, the system is decoupled
by the following matrices F and G [26]:

{F =-DL4
G=D1
Where:
D1 ClAd1+1
D =|D,|andA = |C,A%*!
D3 C3Ad3+1

And the " output is thgd; + 1)-fold integral of the
i"™input.

3.2 Application to the flexible manipulator

For the flexible manipulator, new inputs to theteys

are going to be defined in order have a decoupled
system.

@O o pio | [ |
- +
b

Figure3.1. State feedback decoupling scheme

The initial input vector is :

U= (U () up(t) uj(t)]ixs
And the state vector is :
X = [6 a1 a2 é fll az]T

The control law used is defined as:

u=F.x(t)+G.v(t)
= F.x(t) + Gv,(®) v v2(O]1xs

Calculation results on:
di=1fori=1,2and3

So, matriceDandA are given by:

D=C.A.B and A =C.A>
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And each output of the system is going to be the
double integral of its appropriate control input.

—
L
ind

Figure3.2. Decoupled system

Uy () ———— f — L6

v (t) ——— j L s a().e, (L)

F——— a,(t).@3(L)

v2(t) ——

4. FIRST ORDER SLIDING MODE CONTROL

Since the flexible manipulator has been decoupled
into three, single-input single-output second order
slightly independent systems, the first order slidi
mode controller can be easily formulated.
1.1.Controller formulation

Considering the decoupled model of the flexible-one
link manipulator, the system model is:

0 = v, (t)

dy = vy(t)

d, = U;? ®)
The tracking errors for state variables are defired

e = 60— Hd

€q, = a1 — Qyq
€q, = Az — Q2q

The crucial and the most important step of SMC
design is the construction of the sliding surfa¢e),
also called sliding function.
A sliding mode is said “first order sliding mode” i
and only if s(t) = 0 and s(t)s(t) <0. The
inequality s(t)s(t) < 0 is the fundamental condition
for sliding mode. The aim of the first-order slidin
mode control is to force the state (error) to mowe
the switching surface(t) = 0.
The sliding surface, in the traditional SMC depends
on the tracking erra#(t) and its derivative(s) as [19]:

d n-1
s(8) = (AC + E) e(t)
wheren denotes order of uncontrolled system apd
is a positive constant.
If the system concerned is assumed to be of second-
order, the first time derivative of the sliding fage is:
s(t) = A.e(t) + €(t)
The second time derivative of the erréft) relatively
to each state, can be written in terms of the phaut
inputs as:
€y = 6 — éd = U (0)
€q, =0y —lyg = Vz} ®)
éaz =dy =y = U;? ®
And, the switching surfaces may be defined as:
sg(t) = Ageq(t) + ég(t)
Sa, @® = )lal €a, ®) + éa1 (®)
Sa, @® = )laz €a, ®) + éaz (®)
The control input can be given as[19]:
u(t) = Veq (t) + vsw(t)
where v,,(t) and vy, (t) are the equivalent control
and the switching control, respectively.



The equivalent control, v.,(t), proposed by
Utkin[25], is based on the nominal (estimated) plan
parameters and provides the main control actiom. Th
switching controly,, (t), ensures the discontinuity of
the control law across sliding surface, supplying
additional control to account for the presence of
matched disturbances and unmodeled dynamics.
If the initial error is not on the sliding surfasé) due
to parameter variations and disturbances,
controller must be designed such that it can difive
error to the sliding surface. The error under the
condition that will move toward and reach the slgli
surface is said to be on the reaching phase.

the

4.1 Equivalent control

The equivalent control approach is defined as the
smooth feedback control law that locally sustatms t
evolution of the error ideally restricted to theath
sliding surfaces(t) when the initial error of the
system is located precisely on it. This controbal

an asymptotic convergence of the sliding function t
zero according to a desired dynamic and the control
forces the system to evolve on the sliding surface.

Thus, in the design of sliding mode controllers, an
equivalent control is first given so that the statan
stay on sliding surface. Consequently, the system
dynamics in sliding motion is independent of the
original system and a stable equivalent controlesys

is achieved.

The equivalent control is obtained wheaiit) = 0,
which is the necessary condition for the trackimpre
to remain on the sliding surface.

Now, an equivalent control for the three states lzan
defined:

$a(t) = 29 (1) + E(t) = 0 & 5, (1) = —Agéq(t)
$a1 (t) = Aaléal (t) + éal (t) =0e ngl (t) = _laléal (t)
Sa, (1) = Aay€a, (t) + €4, (t) = 0 © V7 (t) = —Ag,€4,(t)

4.2 Switching control
The switching control is introduced as[19]:
Vaw (t) = —k.sign(s(t))
wherek is a positive constant, chosen to dominate the
matching uncertainties, and sign(.) denotes sign
function defined by
1ifs>0
sign(s) =40 is s=0
-1lifs<0
Consequently, the control laws for the three states
given as:

v‘m(t) = 17egq (t) + vsaw(t) = —kgsign(sg) — A9€g (t)
Uy (£) = Vg () + v (£) = —kgq, Sign(sq,) — Aq, €q, (t)
v (8) = U2 (t) + Vg2 (t) = —kq,Sign(sq,) — Aq,€q, (t)
5. SIMULATION AND RESULTS
This section illustrates the results of the simals

conducted on the flexible beam that is solidly dedp
to the shaft of a servomotor.

The motor is rotated and controlled to an anguddr s
point using a sliding mode controller.
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During rotation, the beam’s vibrations are supprdss
using piezoceramic actuators until set-point of the
joint angle has been completed.

First, results are illustrated when only joint angs
controlled. The single-input single-output (SISO)
controller uses,, (t) as the control variable while the
controlled variable i9.

Then, the piezoceramic actuators are used to diini
the beam vibrations during the rotation. The effafct
each mode of vibration will be controlled sepanatel
The single-input single-output (SISO) controlleses
respectivelyv, (t) andv; (t) as the control variables
for the manipulated variables anda,.

5.1 Joint angle control

The Joint angle set-point is 45°, and the conal is
given by:

Vi () = 08, () + v8, (t) = —kgsign(sg) — Agée(t)

The simulation illustrate the effect of the paraenst
kg andlg.

Joint angle (degree)
5
i

0 I I I I | I I I I
7 8 El 10

5
Time (s)
Figure 5.1: Joint angle sliding mode control

evaluation of the parametky (1=10)

Joint angle {degree)
T
%
i

5

Time (s}
Figure 5.2: Joint angle sliding mode control
evaluation of the parametgy (ky=10)

The response of the system comes to be fastereas th
parametek, increases.
The parametet, doesn't have an important effect on the
system acceleration because its influence stare dahe
response reach the switching surface and not dutieg
reaching phase.
The equivalent control input to the servomotor Erw
oscillatory as it's illustrated in Figure 5.3.



Control signal {¥)

Timﬁe (s}

Figure 5.3: Joint angle sliding mode control

evaluation of the control signal sent to the
servomotor ;=10 andig=10)

The figures 5.4 and 5.5 illustrate the sliding aoef and the
phase plane respectively.
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Figure 5.4: Sliding surface s(t)
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Figure 5.5: The phase planaé&) andé(t)
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The sliding mode is in the reaching phase up tarzs
then arrives to the sliding phase. The error amndirist
derivative comes to zero at steady-state conditions
5.2 Piezoelectric actuators control

The tip displacement set-points are chosen to baleq
to 0.1mm and 0.01mm respectively for the first and
second mode contributions, and the control inputs
send to the piezoelectric actuators are :

U;% (t) = v:ql (t) + Ug‘:,(t) = _ka15ign(sa1) - Aa1éa1 (t)
vi(t) = vng (&) + vs2(t) = —kq,sign(sa,) — Aa,€q,(t)

Similarly to the joint angle control, the conseqeeh
of manipulatingv, (t) and v;(t) on the first and
second mode contributions to the tip displacerneet.
illustrated.

Tip displacement {mm)

Tip displacement (mm)

Tip displacement {mm}

Tip displacement (mm})

I : ER e R
Time (s}
Figure 5.6: First mode contribution to the tip
displacement (only joint angle is controlled with

kg=10 andly=10)
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Figure 5.7: Second mode contribution to the tip
displacement (only joint angle is controlled with

kg =10 and/19=10)
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Figure 5.8: First mode contribution to the tip
displacement (PZT is controlled wik = 0.1 and
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Figure 5.9: Second mode contribution to the tip
displacement (PZT is controlled wik,= 0.01 and

2q,=10)

Its clear that the objective is reached. The tip
displacements due to vibrations of and 2° mode
are reduced to 0.1mm and 0.01mm respectively.

The problem is on the control signals sent to the
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piezoelectric actuators, and it's illustrated imguiies
5.10 and 5.11.
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Figure 5.10: Control signal sent to tHeAZT
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Figure 5.11: Control signal sent to tH& RZT

In addition to the fact that they are very osailfgt
control signal reaches very high values that che't
supported by piezoelectric actuators.

6. CONCLUSIONS

State space equations of the flexible manipulakat,
describe the rigid and flexible motions, were
expressed using the Euler-Lagrange formulation.
The flexible displacement was calculated using
modal analysis and beam theory.

The piezoelectric actuators effect, on the manipula
model, was properly introduced via the stiffnesd an
force matrices.

The system was decoupled into three independent
single-input single-output systems using a state
feedback decoupling scheme. The advantage of this
strategy was to provide direct control on proper
modes of vibration contributions to the flexible
manipulator tip displacement.

A sliding mode controller was, then, implemented fo
each one of the three independent systems. Although
the control signal was very oscillatory and of kgh
magnitude, and no comparisons to other controllers
were conducted, this method of control has
successfully demonstrated its ability to perfectly
control the rigid body rotation. It has also provad
good vibration decreasing within a very satisfying
time.

Both, for decoupling and for controlling the system
state variables should be measured. Those measures
were not discussed in this paper. However; in pract

the modal coordinates are well estimated using
piezoelectric films as sensors, and the joint angle
simply measured using a potentiometer.
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