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ABSTRACT

An online approach to nonlinear system identifimati
based on binary observations is presented in Hpep
This recursive method is a nonlinear extensionhef t
LMS-like (least-mean-square) identification method
using binary observations. It can be applied indhse

of weakly nonlinear Duffing oscillator coupled with
linear system characterized by a finite impuls@oese.

It is then possible to estimate simultaneously both
impulse response and Duffing coefficients, knowing
only the system input and the sign of the systetpuiu
The impulse response is identified up to a positive
multiplicative constant. The proposed method is
compared in terms of convergence speed and estimati
quality with the usual LMS approach, which is not
based on binary observations.

Keywords: nonlinear system identification, selftfes
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1. INTRODUCTION
Microfabrication of electronic components such as
micro-electro-mechanical systems (MEMS) or nano-
electro-mechanical systems (NEMS) has known an
increasing interest over the past two decades.nidst
notable innovation emanating from these systentiseis
possibility to massively integrate sensors with-tedt
features on the same piece of silicon. Indeed; well-
known that, as characteristic dimensions become
smaller, the dispersions afflicting electronic aea
tend to become larger. Typical sources of dispassio
and uncertainties are variations in the fabrication
process or environmental disturbances such as
temperature, pressure and humidity fluctuations.aAs
result, it is usually impossible to guarangepriori that
a given device will work properly. Moreover, expises
tests must then be run after fabrication to ensbae
only suitable devices are commercialized. An
alternative consists in implementing self-test (aetf-
tuning) features such as parameter estimation mesiti
so that devices can adapt to changing conditions.
However, traditional identification methods
(Walter and Pronzato 1997; Ljung 1999) are often
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tricky to “straightforwardly” adapt from macroscaepi
scale to microscopic scale. Their integration rezgithe
implementation of a high-resolution analog-to-didit
converter (ADC), which results in longer designdsn

as well as larger silicon areas. Thus, parameter
estimation routines based on binary observatiomss ar
very attractive because they only involve the iragign

of a 1-bit ADC. Some important contributions thaek

the added cost of testing as small as possible are
available in the literature.

In (Wigren 1998), Wigren has developed an LMS
approach to the problem of online parameter esiimat
from quantized observations. The principle is to
estimate the gradient of the least-square critebign
approximating the quantizer. Under some hypothésis,
is possible to guarantee the asymptotic convergehce
this method to the nominal parameters. In (Negsgiro
Carro, and Susin 2003), the authors have suggested
using a white Gaussian input to excite the unknown
linear system and to estimate the power spectraite
(PSD) of the binary output. From this estimated PSD
the modulus of the unknown system transfer function
can be analytically derived. However, it is not sibke
to obtain any information concerning the phasehis t
transfer function. This limitation has been overeobny
deriving an analytical relationship between the tisp
response coefficients of the system and the cross-
covariance of its binary input and output. Althougis
approach is fairly simple to implement, it relies the
mixing properties of the linear system, which mapt n
be guarantee priori. Recently, a basic identification
method using binary observations (BIMBO) has been
introduced in (Colinet and Juillard 2010). The
theoretical framework of this offline WLS-like
(weighted-least-square) approach is based on the
minimization of a criterion, where the parameter-
dependent weights are chosen in order to smoottheut
discontinuities of the unweighted least-squaresdnh.

It is then possible to guarantee the consistencthisf
approach even in the presence of measurement noise,
provided that the signal at the input of the quasttis
Gaussian and centered. Furthermore, the estimation
quality of BIMBO has been investigated in the seofe



correlation coefficient between the nominal and the
estimated system parameters. An alternative WLS
criterion, which is easier to implement in the epdtof
microelectronics, has also been presented in &ddijll
Jafari, and Colinet 2009). This approach is asieffit

as the previous one without measurement noise, but
leads to a systematic error otherwise. Finallypaline
LMS-like identification method based on binary
observations (LIMBO) has been derived from the past
two WLS approaches in (Jafari, Juillard, and Cdline
2010). Simulations have provided similar resultanth
those obtained with the Wigren's method in terms of
convergence speed and estimation quality, and those
with a lesser computational complexity.

Unfortunately, the methods listed above deal with
linear systems, while in many engineering applorai
and especially in microfabricated devices, the dyina
may significantly be affected by nonlinear effects,
which must be accounted for in order to robustlydeio
the system. In (Zhao, Wang, Yin, and Zhang 2004, t
authors have studied identification of Wiener and
Hammerstein systems, which are particular nonlinear
structures, with binary-valued output observatiolms.
this paper, we propose to extend LIMBO to nonlinear
systems. For that, we consider a nonlinear Duffing
oscillator that is coupled with a linear system
characterized by a finite impulse response. The
convergence of this recursive method is illustraigd
numerical simulations and our results are compared
with those obtained by the conventional LMS alduorit
(i.e. without quantization).

The structure of the article is the following. In
section 2, the nonlinear system and its model are
introduced. In section 3, the nonlinear LIMBO
algorithm is derived. In section 4, the proposedhoe
is compared with a traditional online method, whish
not based on binary observations, in terms of
convergence speed and estimation quality. Finally,
concluding remarks and perspectives are given in
section 5.

2. FRAMEWORK AND NOTATIONS
Let us consider a nonlinear system illustratedgore 1
below.
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Figure 1: Block diagram of the system model

The first branch of this block diagram corresponds
to a discrete-time linear time-invariant systém We
assume that this transfer function has a finiteulsg
response of lengtl, i.e. the impulse response can be
represented by a column vectBr= (6,)%_,. A cubic
nonlinearity (the so-called Duffing nonlinearityy then
introduced at the level of the negative feedba@nbn
such thaty, = ay? with a € R,. Obviously, the
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subscript indicesk denotes the discrete time. Lietbe

an unknown additive measurement noise and let
w =y + b be the noisy output. The system output is
measured via a 1-bit ADC such that only the sign
s = S(wy) is known. Here, the functiof of a real
numberx is defined as follows:

1if x=0
S(x) = (1)

—1 otherwise

By supposing the system weakly nonlinear, the
following approximation can be done (Schoukens,
Nemeth, Crama, Rolain, and Pintelon 2003):

Vi = hye x (uy — ay,f

= hy * (uk - a(hk * (uy — ayg))g) (2

= hy * (uy — a(hy * uk)3)

This approximation remains valid as long as the
nonlinear termay; remains smaller or of the same
order of magnitude asg,. The new block diagram of the
system model is then graphically illustrated inufig 2
below.
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Figure 2: New block diagram of the system model

Consequently, the scalar value of the system output
at timek is given by:

Yk = BT‘Pk,L - aeTll’k,L 3

In relation (3),¢,, = (w){ZF** is the regression
column vector of dimensiod at time k and,, is
defined by:

k—L+1

Y = ((9T¢I,L)3) 4)

=k

Our purpose is to develop a recursive estimation
method to find good estimates of both the parameter
vector@ and the Duffing coefficient, starting fromN
observations of the binary outpstand knowing the
input u. Let 8, (respectively,&,) be the estimated
parameter vector (respectively, Duffing coefficjeat
time k. Let us also introducg, the estimated system
output at timek ands, = S(§,).

3. PROPOSED LMS APPROACH

Under its original form (Jafari, Juillard, and Cudt
2010), LIMBO has been carried out in order to eatam
online the parameters of a linear system from linar



observations. From now on, since only the signof
the system output is available at tirke the authors
have judiciously defined the following instantansou
error;

&k = |5k — Skl Pk %)

The general LMS algorithm is used to adjust the
system parameters by minimizing this error using th
following criterion:

&e = (s — 8Tk (6)

This suitable formulation has been specified to
ensure the derivability with respect@g. We adopt the
same criterion to deal with nonlinear constraints.
Indeed,&? is clearly differentiable with respect ,,
which is also differentiable with respect &g andd,.
Consequently, the criterion defined in (6) s
differentiable with respect to the system paransetand
we can write:

_ ~ 1 0¢f
011 =0 — E#aa
k
.1 0&29y
=0 —spa 0k 7
27 09,00,
A 0
= 0 — u(sk — 5P 290,
k

In the same manner, the following relation can be
established:

-~

- - A 2e OF
Api1 = @ — A(s — Sk)ZYk a&i (8)

In relations (7) and (8y andA correspond to the
LMS step-size parameters that guarantee stabitity a
control the speed of convergence. The selectigdhasfe
parameters is therefore very critical. We propose a
procedure to determine an appropriate adaptive- step
size. We start by assuming that= A. The idea then
consists in findingu, such that;?kl(@kﬂﬁkﬂ):O

Unfortunately, no analytical solution of this prebi is
currently available (except in the ftrivial lineaase).
Nevertheless, a numerical solution can be obtained
without much difficulty directly by applying the dely-
used secant method, which is known to be a fast
iterative method. In counterpart, an extra divisisn
required.

The derivative with respect #, which appears in
relation (7) can be expressed by:

0Py,
29,

9 _

28, (9)

=@ — A (V’kL +0] —=
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By using the expression of,, introduced in
relation (4), we have:

61[; k—-L+1
60kkL =3 (‘PlL(ek‘PlL) ) (10)
This yields the following relation:
61/) k-L+1
o =3((0len)’)  =3%u (12)
k

Thus, the derivative with respect &, is finally
obtained by introducing (11) into (9). As a resule
find:
ak+1 = ak — e (sic — §k)237k(¢k,L - 4&k1pk,L) (12)

By following the same reasoning, the derivative
with respect tax, which appears in relation (8) can also
be easily expressed by:

y _
98, A (13)
And we obtain the following equation:
Bperr = @y + (S — 3 9Ok P, (14)

Algorithm 1 summarizes the main steps of the
method described above.

Algorithm 1: Nonlinear LIMBO

LIMBO NL

Require: w,s,L,N

1. <10 .. 0]
X1

11112

6,
<0
a, <0

for k =1toN do

o a0k w N

PrL < (uz)k e
k—L+1
7 Py« ((gk‘plL) )

i < ek‘Pk,L - akek'pk,L
Sk < Sk)
100 Xks1 < ak — pr (s — §k)237k(¢k,L - 4‘&k1pk,L)
Xk+1
1Xr+1ll2

120 fger < A + (s — §k)237k§£¢k,L
130 et < il Zpesn |13
14: endfor

11: By <

15: return 0.4, @qq




In algorithm 1, the normalization step on line 11
ensures that the norm 8f, remains constant and equal
to 1. As a result, line 13 is added to maintain the
homogeneity. We then guarantee the stability of our
method (in the stability limits of the system). In
counterpart, it is not possible to obtain any infation
about the amplitude of the impulse response. This
identifiability problem has also been encounterethie
linear case.

Finally, the full operating model is graphically
illustrated in figure 3 below.

U, r ; Yk

O

Experimental setup

Criterion
evaluation

Update ay,

Figure 3: Block diagram of nonlinear LIMBO

4. RESULTS AND DISCUSSION

In this section, the results obtained with nonlmea
LIMBO are compared in terms of convergence speed
and estimation quality with those obtained by ajgy

a typical LMS procedure. Let us underline that camt

to our approach, the standard LMS method is no¢dbas
on quantized output measurements. The objective of
this work is to compare the performances of ourhoet
with a widely-used one, which does not suffer fram
lack ofa priori information.

The input signal is a Gaussian white noise with
zero mean and unit standard deviation. We consgider
impulse response of length=50 and the Duffing
coefficient is set toa = 0.01. The identification
procedure detailed in the previous section is aplpli
starting from N = 10° observations of the binary
output. The quality of the online estimatid, is
defined asl — v, wherev,, is the cosine of the angle
made by, and@. Since both vectors are normalized,
we havev, = 878, and the following equivalence
relation:

I\l{im(l—v@zO@}lim v =1
(15)

Concerning the impulse response, both methods
present encouraging results in terms of estimation
quality and convergence speed, in absence of
measurement noise. Indeed, the fifty coefficieritthe
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column vectord, i.e. the entire impulse response, have
been rapidly and successfully estimated. Without
surprise, Duffing coefficient identification alsaelds
reasonable results for both methods in terms of
estimation quality, but with a notable advantagetifie
nonlinear LMS approach in terms of convergence
speed. This significant difference, which is an
immediate consequence of quantized data, is shawn i
figure 4 below.

Duffing coefficient identification
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—— LIMBO NL
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Figure 4: Comparison of nonlinear LMS and LIMBO
methods for Duffing coefficient identification

The same behavior is distinctly observable in
figure 5, which displays the quality of the online
estimation. Indeed, LIMBO stops converging after
having reached an error level approximately eqoal t
107%, while the LMS approach converges to the
nominal parameters within the limits of finite mawdh
precision.

) Quality of the estimation
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Figure 5: Comparison of nonlinear LMS and LIMBO
methods in terms of convergence speed and estimatio

quality (SNR = oo dB)

In order to perturb the data, we consider an
additive Gaussian noise such that the output signal
noise ratio (SNR) is equal t20 dB. The estimation
quality is graphically illustrated in figure 6 be&lo In
this experiment, the nonlinear LMS (respectively,



LIMBO) approach stops converging after having
reached an error level approximately equal 1@ *
(respectively,1073). Although measurement noise has
induced significant performance degradation, the
estimation quality remains quite appreciable. Once
again, the standard LMS method presents the best
results in terms of convergence speed, but theigap
slightly reduced.

Quality of the estimation

——LMS NL
— LIMBO NL

0 1 2 3 4 5

10 10 10 10 10

k
Figure 6: Comparison of nonlinear LMS and LIMBO
methods in terms of convergence speed and estimatio
quality (SNR = 20 dB)

Finally, let us remember that in LIMBO, unknown
parameters are updated onlysjf — 3, is not null,i.e.
only if s, # §,. This “change of sign” has appeared
about450 times in absence of noise, and abdu00
times with a SNR o020 dB. Consequently, the LIMBO
method has shown quite similar performances than th
typical LMS method, especially in the case of pdréal
data, and those with a lesser iteration number. d¥ew
contrary to the LMS approach, it is not possible to
obtain any information concerning the amplitudethef
impulse response, sincg is normalized in LIMBO
algorithm.

5. CONCLUSION

In this paper, we have extended the LIMBO method,
which has been introduced in (Jafari, Juillard, and
Colinet 2010), in order to estimate online the
parameters of a nonlinear system starting fromrkina
observations. We have focused on the identificatioa
nonlinear Duffing oscillator that is coupled witHiaear
system characterized by a finite impulse response.
Simulation results, in terms of convergence spestl a
estimation quality, have been truly admirable witho
measurement noise, and nearly similar to thoserata

by applying a typical LMS procedure, which is not
based on binary observations, in the noisy case.
Consequently, nonlinear LIMBO is an inexpensive
online test method that can be easily implemented o
microfabricated devices, since it only requires the
integration of a 1-bit ADC.
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