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ABSTRACT

Modified rate equation models including both
amplitude and phase properties are developed for
advanced vertical cavity surface emitting lasers for
multigigahertz modulation, and used to compare the
performance of different designs and identify the
corresponding limitations.
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1. INTRODUCTION

There are, fundamentally, two main approaches to
increasing the modulation frequency range of vertical
cavity semiconductor emitting lasers (VCSELs) at bit
rates exceeding 40 GBit/s which can be used for high
speed communication networks. The first one is through
advanced developments in current (direct) modulation,
which was demonstrated at bit rates up to 40 GBit/s (see
e.g. Blokhin ez al. 2009, Bobrov et al. 2015).

The second approach involves using some form of an
advanced cavity structure. At least three solutions
falling into the framework of this approach have been
discussed. The first of them includes modulation of the
photon lifetime in the passive cavity, rather than the
curent (see e.g. Schchukin ef al. 2014 and references
therein) This approach promises substantially better
dynamic properties than current modulation since it is
free from the limitations of the direct modulation such
as the the electron-photon resonance. The main laser
design that alows this principle to be utilized is the
copled-cavity VCSEL with one of the subcavities acting
as an active one, and the other, as an electrooptic
modulator (Van Eisden et al. 2008, Schchukin et al.
2008, Germann et al. 2012, Schchukin et al. 2014) or
electroabsorption modulator (Chen et al. 2009)
Modulation bit rates at least as good as those possible
with direct modulation have been demonstrated in the
references quoted, and rate equation analysis
(Schchukin et al. 2008) predicts successful operation at
bit rates up to and exceeding 80 GBit/s. However,
rather than offering simple modulation of the photon

lifetime, this design involves the laser oscillating in
complex cavity modes, with the cavity decay time
(photon lifetime), instantaneous frequency, and intensity
all varying in time in a self-consistent way, which is not
captured by rate equations and requires more
sophisticated mathematical approaches.

A different type of an advanced cavity design involves
using photon-photon resonance in some form, which
comprises modulation of VCSEL arrays (Fryslie et al.
2015) and in-plane compound cavities, with amplified
feedback from a slow wave waveguide resonator (see
e.g. Dalir and Koyama 2011 and 2014, Park et al. 2016,
and references therein).

A Lang-Kobayashi type delay-differential equation
theory of the latter design has been presented in several
papers (Dalir and Koyama 2011, Park et al. 2016), in
the latter case with a good fit to the experiment
achieved. This is despite of the fact that this model is,
strictly speaking, intended for the case of weak optical
feedback and as such used for the lasers in question
(strong optical feedback) outside of its degree of
applicability. The model was generalised to be more
rigorous for the case of strong feedback, by introducing
multiple delays, by Ahmed et al 2015, but the model is
presented without derivation and appears to have a
somewhat strange feature of the reflected light affecting
he net gain rather than acting as an injected signal.
Neither of the models includes the amplifying nature of
the external feedback, it is not clear whether
amplification in the feedback can help achieve further
improvement in the laser performance. Finally, the
question of what ultimately limits the laser performance
does not appear to have been answered.

Thus, in order to understand the performance of both
designs more accurately, and to compare those two
approaches to improving the modulation properties, we
have implemented a set of modified rate equation
models each of which includes careful analysis of both
amplitude and frequency (phase) of laser emission, as
well as the spectrally selective nature of the laser cavity.
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2. ELECTROOPTICALLY
LASER

MODULATED

2.1. The structure

Figure 1 shows the schematic of Cavity Laser which
we used in our analysis. The laser is formed by two sub-
cavities. The top, modulator, sub-cavity is a passive
Fabry-Perot resonator whose reflectivity R, (f) is
modulated via electro-optically varying the optical
properties of a modulator layer contained within the
sub-cavity by applying time-varying reverse bias
voltage. In a typical design, the intermediate DBR has
25-35 periods of two layers of alternating composition,
the top DBR consists of 15-25 periods; the resonator
thus can be substantially asymmetric. Throughout the
analysis, we consider only refractive index modulation
(no absorption modulation). Indeed, it has been shown
in the literature (see e.g. Schchukin ef al. 2008) that in a
practical design of this type, the electrorefraction effect
plays a dominant role in modulating R,(¢) as compared
to electroabsorption.
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Figure 1: Schematic of a Compound Cavity Laser and
model setup

2.2. The model

In designing the model (Albugami and Avrutin 2017),
we follow the approach used previously for Distributed
Feedback (DFB) lasers ( see e.g. Wenzel et al., 1996 )
and for multimode compound cavity lasers ( see e.g.
Avrutin et al., 1999). Namely, the laser cavity is treated
as a complex resonator, and a complex eigenfrequency
of this resonator is found, which is then used to describe
the laser dynamics. The electrooptically modulated
VCSEL is very naturally suited for such an approach,
because the complex resonator in this case can be
defined by considering the active sub-cavity as a quasi-
Fabry-Perot resonator terminated, on one side, by the
bottom reflector with a (complex, generally speaking)
amplitude reflectance », and on the other side, by the
EO modulator subcavity treated as a passive, frequency-
dependent reflector with a complex reflectance r.(®),
where o is the complex eigenfrequency sought. The
value of the modulator reflectance is calculated from the
equation

Ry = s (1
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with the average wave vector in the form of:
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Here, &mz describes the time-dependent correction to

the refractive index of the modulator layer caused by

electrooptic modulation. [y ﬁfdﬂ (assuming the

modulator layer is thick enough that the standing wave
factor is near one) is the confinement factor of the
modulator layer, d,, being the modulator layer thickness
and L, the total physical thickness of the modulator
cavity, including any spacer layers between the
modulator layer and the reflecting stacks but not
including the penetration into mirrors. The complex
eigenfrequency is then found by solving the usual
threshold/resonant condition of a Fabry-Perot type
cavity (the short cavity length ensures that the equation
has one solution):
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It is convenient to write the solution to this equation in
terms of a frequency correction dw = @ =, z#, Where
the (real) reference frequency g, is arbitrary but can
be conveniently taken, for example, as the position of
the reflectance spectrum notch (Errore. L'origine
riferimento non é stata trovata.) in either on or off-
state.  Then, the complex instantaneous frequency
correction dww is given by a transcendental equation:

dt = 1
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Here, 1, is the group velocity, L, is the geometrical

thickness of the active subcavity, I, is the confinement
factor for the active area, g is the time-dependent gain,
n, is the refractive index of the active layer subcavity,
averaged over the length in the same way as n, is
averaged over the modulator subcavity. The refractive
index varies in time primarily due to self-phase
modulation in the active layer; its time-dependent part
can be quantified as: .

A ¥ ey & il ~ ) (5)
where & is the Henry linewidth enhancement factor in
the active layer and g is the gain at threshold which
we used as a reference value.

Proceedings of the European Modeling and Simulation Symposium, 2017 457
ISBN 978-88-97999-85-0; Affenzeller, Bruzzone, Jiménez, Longo and Piera Eds.



The choice of reference frequency near the modal
frequency to ensure that |,{_‘m.:r| WU gy MeEAnNs that we
can introduce a parameter ¢ which is the number of
half-wavelengths of light in material fitting (roughly) in
the distance L,. It depends on the VCSEL design,
mainly the thickness L, and it is an integer number
chosen in such a way that

dngly 1 . (6)
G ¥ =~ gl

where A=2g¢ fdppr is the operating wavelength, and r,,
can be estimated in the on- or off-state.

The frequency o (or frequency correction A®) has a real
part, which determines the time-dependent spectral
position of the lasing mode and thus the chirp of laser
emission, and an imaginary part, which reflects the
balance of gain and loss (the latter including the
outcoupling loss, which is frequency dependent through
rm(w)). The imaginary part determines the dynamics of
photon density (in the active cavity) N,, giving a
modified rate equation in the form:
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Where 1, is the carrier spontaneous recombination time

and Em is the spontaneous emission factor. The

dynamics of the carrier density N is determined by a
standard rate equation:
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in which N and N, are the the electron and photon
densities, respectively, #; is the internal quantum
efficiency, / is the injected current, e is electron charge,
14 is the volume of the active
region; Top = IELﬁr:“(':'l + byl -t and
Tor = (Ay + €N are the spontaneous and
nonradiative  recombination times of carriers,
respectively, g(NV) is the optical gain in the active layer,
£ is gain compression factor (see Table 1).

Finally, the model includes a differential equation
taking into account the electromagnetic resonance in the
modulator cavity. The equation 1is derived by
considering the modulator section in frequency domain
and then substituting the imaginary part of the
frequency correction by a time derivative. The result is
conveniently expressed as:
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Here, &, = E.expijw,} describes the complex
amplitude of the output field emitted from the
modulator subcavity (the top mirror), E; = {E is the

field amplitude inside the active subcavity. Note that in
the equation written in the form above, E, is a real
value, which means that the complex amplitude of the
output light is actually Ef = E;esp(j [ da'dt) | where
Aw’=Re(Aw) is the instantaneous frequency correction
in the active cavity. Furthermore, 4w, 0=w.0-®.s is the
position of the notch in the modulator subcavity
transmission in the absence of modulation (4,z0 = 0),
7.m 18 he effective photon lifetime in the modulator
cavity, Ry = lr.|* and R, = I, |* are the intensity
reflectances of the intermediate and top reflectors (the
two reflectors forming the modulator cavity)
respectively, Tp=1=Hy , Tr=1-=f are the
transparencies of the intermediate and top DBR stacks,
and kger s is the effective thickness of the modulator
section; it is typically a fraction of a micrometer greater
than the physical one, as it considers the penetration of
the field into the mirrors. The power emitted from the
laser can be calculated as:

F % vy ady 5P @y
Where A.. is the cross-section of the aperture
An alternative formalism for describing the laser
dynamics with phase included would consist of writing
out an equation similar to equation (Errore. L'origine
riferimento non ¢ stata trovata.) for the active
subcavity, with an injection term representing light
reflected from the modulator cavity, rather than solving
a transcendental equation (Errore. L'origine
riferimento non ¢é stata trovata.) for the instantaneous
frequency. A model of that type twould the laser as a
system of two subcavities, one active, one passive but
modulated, treated on the same footing. The results
should be very similar to those of the current formalism
so long as the dynamics of light inside the active cavity
remain slower than the modulator cavity round-trip
(which is the case for most realistic designs).

2.3. Small-signal analysis

The small-signal analysis was performed
analyticallyAlbugami and Avrutin 2017.  Typical
results are shown in Figure 2.

The figure illustrates that the ultimate limit to the
modulation speed is set by the photon lifetime in the
modulator section, which in turn is determined by the
reflectances of the top and intermediate reflectors. With
the optimised laser design (a large R; ensuring the
external-modulator-type operation of the modulator
section, and a more modest R, ensuring the value of tcm
of the order of picoseconds), this limit is of the order of
hundreds of gigahertz, and thus not a concern for any
realistic modulation scheme.
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Figure 2. Calculated small-signal response of EO laser
modulation. 35 periods in the intermediate reflector

The situation can be different however with a design of
the modulator section less optimised for high speed
operation. With a large (but perfectly technologically
achievable) number of periods in the top reflector
(hence R;), when the notch in the reflectance of the
modulator section (the peak in the transmittance)
becomes narrow meaning a large photon lifetime in the
modulator cavity, the 3dB frequency drops as low as
~10 GHz. As will be discussed later, these effects of
the reflector design manifest themselves also in the
results of large signal modulation simulationsLarge
signal analysis

2.4. Large- signal analysis

The large signal analysis was implemented as a Matlab
code; the transcendental equation (4) was solved at each
step using the direct iteration method and with the value
at the previous point in time used as the initial
condition; typically only 3-4 iterations were required.

The large signal modulation laser behaviour was
characterized using an eye diagrams (Figures 3-4) and
quantified additionally by means of a Quality Factor

g= Furtm (11)
Frat
where E» % are the mean values of the power
corresponding to the logical one and zero states,
respectively; ey, e are the corresponding standard
deviations.
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Figure 3. Eye diagrams for i= 10 mA, 40 GBit/s, 35
intermediate DBR periods, 17 top DBR periods
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Figure 4. As figure 3, 23 top DBR periods

Figure 5 shows Q as function of the number of layer
pairs (periods) in the fop reflector DBR stack. As seen
in the figure, there is an optimum number, in this case
around 17.

35 Periods in intermediate reflector

Quality Factor
)
N

Number of top reflector periods

Figure 5: Modulation quality factor as function of the
number of periods in the top reflector

When we increase the number of periods beyond that
number, the photon lifetime in the modulator cavity is
increased, leading to longer transients and closing the
eye diagram, hence bad quality factor. When the
number of top reflector period becomes too low, on the
other hand, the power variation (P;-Py) becomes lower,
hence lower quality factor. We observe that the
optimum number of periods is not a strong function of
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the current, so once optimised, a laser should be able to
provide good modulation quality at all currents.

Figure 6. shows the modulation quality as a function of
the number of periods in the intermediate reflector.
Again, there is an optimum number of periods, in this
case around 32.
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Figure 6: Modulation quality factor as function of the
number of periods in the intermediate reflector Bit rate
40 GBit/s

An advantage of the electrooptic modulation is the
relatively low chirp predicted. Despite a certain degree
of phase modulation implied by Eqs, 4 and 7 (the phase
and amplitude of the modulator reflectance are by
necessity modulated simultaneously), the spectra of
laser emission simulated (Figure 7) are almost
transform limited.
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Figure 7: Amplitude Spectrum of output Field at 40
GBit/s

3. LASER WITH IN-PLANE FEEDBACK

In the first part of the work, we used a heuristic Lang-
Kobayashi model similar to that used by Dalir and
Koyama 2011 and adopted by some other authors (e.g.
Park et al. 2016), with the rate equation for the electric

field inside the cavity given by the rate equation with
the delayed term:

BU - gt (9@ +KEE—T)  (12)

Where the spontaneous term has been omitted (it was
introduced in simulations using a Langevin noise source
but omitted for small-signal simulations),

gust (g [vef'g'f.l + jorl - (ﬁ+ ,E%ﬁ 75;1] (13)

is the complex amplitude net gain, with the photon
lifetime including contributions due to the vertical
cavity, in-plane cavity, and internal losses; the rest of
parameters have the same meaning as for the vertical
cavity.

Finally, K is the heuristic optical feedback coefficient
(in the case of a one-dimensional cavity with small
feedback, it can be expressed in terms of (ii) the
coupling between the laser and the external cavity and
(i) the reflectance of the distant reflector). The
coefficient is complex, with its phase having a large
effect on the laser dynamics.

When analysing the small-signal response, we use the
impulse response method, applying a short (~2-5 ps)
Gaussian current pulse to the laser and taking a Fourier
transform of the resulting transient. This allows to make
an express estimate of the 3dB cutoff frequency.

Typical results are shown in Figure 8. As in previous
results, in-phase feedback increases the frequency of the
relaxation oscillations and hence the 3dB modulation
cutoff; however the limit to utilising this frequency
increase by increasing the feedback is set by the onset
of self-pulsations, with the relaxation oscillations
becoming undamped.

301
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out of phase feedbaclg\“\‘\\\\\\

3dB cutoff estimate from impulse response, GHz

Figure 8. Estimate for 3dB modulation bandwidth using
the impulse response method in the Lang-Kobayashi
type model.
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Including amplification in the external cavity by making
the coefficient K time-dependent according to the model
by Antonelli et al. 2015 does not appear to modify the
result qualitatively.

Next, we attempted to extend the analysis from the
heuristic approach of Dalir and Koyama 2011, based on
Lang Kobayashi equations with a single delay, to a
more electromagnetically justified model. In doing so,
the complication is that we cannot restrict ourselves
even approximately to one-dimensional analysis as in
the vertical cavity problem, as the in-plane cavity
problem is substantially multi-dimensional. In the case
of a cavity with rectangular geometry as used by Park et
al. 2016, we can restrict the analysis to two
dimensions: the vertical dimension z and the direction
of the in-plane cavity x, as shown in Figure 9 (in the
third dimension y, the lateral one perpendicular to the
external cavity orientation, a well-localised single
lateral mode is assumed).
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Figure 9: Schematic of the electromagnetic 2D model
for a compound in-plane cavity.

In the in-plane direction, the laser is just a section of
the slow-wave waveguide, of a length L., with gain due
to the amplification in the active layer and loss due to
both internal loss and emission through the top and
bottom mirrors. The section is terminated on the left
hand side by the outer reflectance r, (typically |ro|~1),
and on the right, by an oxide stripe separating the laser
from the amplifier (slow waveguide external cavity).
The oxide stripe is assigned an amplitude reflectance #;
and an amplitude transmittance .‘;E eap (pogl. 6,

being the intensity transmittance and Ry = [* the
intensity reflectance. If there is no scattering of light
out of the slow-waveguide mode in the oxide, i + &
=1; in reality it is likely that some scattering is present
so Az + & = 1. In the analysis, we assumed that the
reflectance 7is seen by the light travelling in both
directions. It has to be pointed out that this applies
better to the linear geometry cavity of Park et al. 2016,
than to the more three-dimensional geometry of Dalir
and Koyama 2014, in which the waveguide connecting
the external and laser cavities is narrow, and the oxide
reflectance is not necessary for determining the mode of
the laser cavity.

In the model considered, the dynamic equation for the
light amplitude inside the cavity takes the form

8E| L r— Ll
E‘=m{¢ﬁf"ﬁ=’*“§r+€=‘ﬂ *- 1) 5]
(14)

Here, 7. is the round-trip of the slow wave along the
laser size Ly, and f is the geometric factor (~2 in a good
quality cavity). The reflected light amplitude E, in the
passive external cavity limit is given by

EA2) = (¢t — ) (15)
Where % = 1] eaplja@,} is the field reflectance of the
remote reflector (Figure 8), and

= . SR
Eﬁj:ﬂﬁ:ﬁer_’;?f PE@+RED  (16)

is the field to the right of the oxide stripe travelling into
the external cavity. The “recursive” boundary
conditions (15-16) eliminate the need for summing the
terms from multiple delays which needs to be done in
the model by Ahmed et al. 2015, and also allow for the
gain in the external cavity to be included along the lines
of the paper by Antonelli et al. 2015. In the limit of
weak external reflectance, the second term in (16)
disappears, and the model reduces to the Lang-
Kobayashi type one.

The results of the model, while quantitatively different
from those of the Lang Kobayashi type model, predict a
similar increase in the modulation frequency cutoff of
the order of the frequency itself, in other words up to
the values of 30-40 GHz but, at least in our simulations
so far, not beyond.

4. CONCLUSIONS.

We have presented the two modified rate equations
approaches suitable for analysis of advanced ultrafast
lasers: the compound-cavity eigenmode model for the
vertically integrated electrooptically modulated laser
and a delay-differential one for the laser with in-plane
compound cavity.

In terms of sheer modulation potential, the
electrooptically modulated laser appears to be the more
promising, with modulation cutoffs determined
ultimately by the photon lifetime in the external cavity
and thus, with proper design, extending into hundreds
of gigahertz.

Practical considerations such as the ease and cost of
fabrication and integration, ambient temperature
tolerance, etc. will also contribute to determining the
laser design to be used in each particular application.
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