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ABSTRACT

The validation of simulation model is commonly
quantified by various goodness-of-fit indicators. The
selection and use of specific goodness-of-fit indicators
and the interpretation of their results can be a challenge
for even the most experienced evaluators since each
indicator may put different emphasis on different types
of simulated and observed behaviours. In this paper,
first of all, two goodness-of-fit indicators calculated on
weighted errors are developed, presented and
recommened, which are more suitable for evaluating
simulation model compared with high and low
magnitude within observed data respectively. Then, the
specific measure characteristics (that is, which part of
the simulated and observed datasets most influences the
various indicators) of several Nash-Sutcliffe efficiency
(NSE) type indicators is analyzed and compared through
two hypothetical examples using a simple observed and
simulated datasets. Finally, some misunderstanding and
ambiguity is corrected and clarified for measure
characteristics of NSE type indicators.

Keywords: methods of quantitative validation, Nash-
Sutcliffe efficiency, comparison between indicators,
measure characteristics

1. INTRODUCTION

Krause, Boyle, and Bése (2005) put forward three main
reasons for model validation requirement: (1) to provide
a process of quantitative indicator of model's ability to
replicating past and predicting future behavior; (2) to
provide a means for evaluating improvements to the
model, such as through adjustment of model parameter
values and model structural modifications, and the
important characteristics expression changes of model
behavior in space and time; (3) to compare modeling
efforts in model development life cycle process.

Model validation deals with the issue of whether or not
a model is a sufficient accurate representation of real
system for the intended applications of the model
(Martens, Put, and Kerre 2006). From the perspective of
practicality and operability, a commonly pragmatic
approach is comparison of simulated data (modeled data,
predicted data, or model output data) with observed data
(reference data, measured data, experimental data, test

data, expected data, or real-word data) to determine the
degree of behavioral similarity between simulation
model and real system. This process of model
performance evaluation may appear the following
situations (Pushpalatha, Perrin, and Le Moine 2012): (1)
data set used for model validation vary span several
orders of magnitude that may not be equally important
for the modeller who may be interested in agreement
between the part of observed and simulated graph; (2)
the model may be used for diferent applications, which
may require specific criteria (e.g. either high or low
magnitude simulation studies); (3) the variance of error
varies significantly throughout validation period with
space and time, instead of a nearly constant, which
often leads to emphasize larger errors within a wider
range of the observations while smaller errors within a
small range tend to be neglected.

For these situations, a large variety of goodness-of-fit
indicators have been proposed and used over the years
in the field of model validation, as shown for example
by the lists of indicators given by Bennett, Croke, and
Guariso (2013); Hauduc, Neumann, and Muschalla
(2015); and Crochemore, Perrin, and Andreassian
(2015). Among these indicators, the Nash and Sutcliffe
(1970) efficiency (NSE) type indicators has received
considerable attention from many evaluators, especially
in the area of environmental science, due to its
flexibility to be applied to various types of simulation
models (Oudin, Andreassian, and Mathevet 2006;
Nicolle, Pushpalatha, and Perrin 2014). Modifications
of the NSE have been proposed by several authors,
including those based on transformed variables, others
using relative or absolute instead of squared errors, and
those adopting benchmark series different from the
mean of observations. Until by now, the focus of
discussion work with the existing NSE type indicators is
primarily on their interrelationship and measure
characteristics, which have gained some research
achievements that can be found in the literature (i.e.
Krause, Boyle, and Bise 2005; Oudin, Andreassian, and
Mathevet 2006; Dawson, Abrahart, and See 2007,
Pushpalatha, Perrin, and Le Moine 2012; Hauduc,
Neumann, and Muschalla 2015).

Although there are a lot of pre-analysis for NSE type
indicators, but there are still some limitations. The
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present work intends to complement previous studies,
and this paper has two main objectives: first, in order to
effectively select and use different NSE type indicator
and interpret their results, we wish to discuss further
specific measure characteristics of each indicator, that
is, which part of the {O;, S;} most influences the various
indicators; Second, we wish to propose two goodness-
of-fit indicators suited for the evaluation of high-
magnitude and low-magnitude simulations using
actually observed data.

The remainder of this paper is arranged as follows:
Section 2 describes different NSE type indicators and
our proposed goodness-of-fit indicators on weighted
errors; Section 3 provide a hypothetical example used
for analysing measure characteristics of various
indicators; Results and discussion are presented in
Section 4, while conclusions are drawn in Section 5.

2. GOODNESS-OF-FIT INDICATORS

A number of goodness-of-fit indicators have been
proposed in the simulation literature, however, there is
no consensus on the best approach. In this section, the
goodness-of-fit indicators included in the study are
provided. These are the seven indicators: Nash-Sutcliffe
efficiency and some of its modified forms: Legates-
McCabe efficiency (LME), NSE on squared
transformed series, NSE on root-squared transformed
series, NSE on logarithmic transformed series, NSE on
inverse transformed series, LME on deviations
weighted by observations cubed, LME on deviations
weighted by observations to the power of minus three.
These indicators above are generally viewed as different
normalized forms of different error measures calculated
on point-by-point concurrently and are generally used in
order to make decisions about the validity of the
simulation model.

In the following equations, O represents the sample
containing the observations obtained from real system,
but could more generally containing the expected values,
0=(0;, Oy, ..., On)"eR"; S represents the sample
containing the model simulated outputs, S=(S;, S,
.., S))TeR" O; and S; are respectively the ith
observed and simulated value; The subscript i is data
index (usually referring to time, but could more
generally indicate spatial location or some other kind of
index); n is is total number of pairwise-matched

observed and simulated data used for validation; O; is
the mean of the observations.

2.1. Nash-Sutcliffe Efficiency

The NSE suggested by Nash and Sutcliffe (1970) is
expressed as one minus the mean of the squared errors
between the observed and simulated datasets
normalized by the variance of the observed values
during the validation period, which is the most widely
attention goodness-of-fit indicator in the model
validation fields due to its flexibility. It is calculated as:

D0 -S;)
NSE =1-- ——, —0<NSE<I (1)
2.(0-0)’

The NSE ranges from minus infinity to one: an NSE
value of one implies that observed value are in complete
agreement with simulated value for all subscript i,
which is generally viewed as model's ability to
reproduce and predict system behaviour perfectly; NSE
values between zero and one implies that the simulation
model is superior than the use of the benchmark model
(the mean of the observation series) as a accurate
representation of real system; an NSE value of zero
implies that the simulation model, on average, performs
as good as the use of the benchmark model; whereas
negative NSE values implies that the simulation model
is poor than the use of the benchmark model, which
ususlly indicates unacceptable or unsatisfactory model
performance rating.

2.2. Legates-McCabe Efficiency

The LME suggested by Legates and McCabe (1999) is
expressed as one minus the mean of the absolute errors
between the observed and simulated datasets
normalized by the mean absolute deviation of the
observed values. It is calculated as:

2.0 -5

LME=1-11

2.[0,-0]

, —0<LME <1 )

The modified NSE is less sensitive to large extreme
absolute errors values due to using absolute instead of
squared errors within the numerator of the fractional
part of NSE, but this indicator was not catch much
attention and deeply discussed because of its limited
application and resulting relative lack of reported
information. The range of LME lies between minus
infinity and one (perfect fit). An LME value of lower
than zero indicates that the mean value of the
observation series series would have been a better
predictor than the model.

2.3. NSE Based on Transformed Data Series

Additional modifications of Nash-Sutcliffe efficiency
are based on transforming observed outcomes and
model outputs, including NSE calculated on a squared
transformation of O and S (NSEsqu) (Oudin,
Andreassian, and Mathevet 2006; Crochemore, Perrin,
and Andreassian 2015), NSE calculated on a root-
squared transformation of O and S (NSEg) (Perrin,
Miche, and Andréassian 2001), NSE calculated on a
logarithmic transformation of O and S (NSE,) (Oudin,
Andreassian, and Mathevet 2006), NSE calculated on
inverse transformation of O and S (NSEi,) (Le Moine
2008). The NSEsqu, NSEgqi, NSE;n and NSEi,, ranges
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from minus infinity to one (perfect fit). They is
calculated as:

Z(Oiz _ Si2 )2
NSE,, =1-F————, —=<NSE, <l (3)
Z(Oiz _Oi2 )2

i=1

Zn: (O.OAS _ SIO,S )2
NSE,q =1--"

(0 -0f%)?

i=1

, —o<NSE,, <1 (4

n

2 [In(0) ~In(S)J*

NSE,, =1--2 , —0<NSE, <1 (5)
[In(0;) - In(0))]*
i=1
Z (Oi-l _ Si-l )2
NSEj,, =1--————— —0<NSE,, <1 (6)
Z (Oi-l _ oi-l )2
i1

The NSE,q indicator is more sensitive to very high
magnitudes and shows nearly no reaction on low
magnitudes. The NSE: indicator provides more
balanced information as the errors are more equally
distributed on high- and low- magnitudes parts. The
NSE;, indicator is more sensitive to low magnitudes but
still reacts to peak magnitudes. The NSE;,, indicator is
more sensitive to very low magnitudes and shows
nearly no reaction on high magnitudes.

2.4. LME on Deviations Weighted by Observations
Nash-Sutcliffe efficiency type indicators based on data
transformations use the model error series computed
after arithmetic transformation instead of original error
series to evaluate model performance, which result in
the fact that the implicit weightings to emphasise
specific magnitudes of interest usually involve
simulated variable. As a result, this fact is very adverse
to the interpretation and choice of the efficiency criteria.
In this section, we present a kind of Modified Legates-
McCabe efficiency indicators calculated on weighted
deviations between the observed and simulated datasets
as a alternate solution to address the problem described
above. These are the two indicators: LME on deviations
weighted by observations cubed (LME.;), LME on
deviations weighted by observations to the power of
minus three (LME.). They is described respectively as:

2107 -(0, =8|
LME,, =1--2

glomoi -0)|

, —0<LME, <1 (7)

n

107 (0 -S|

LME, =1- ':l
;|Of3 (G —5.)|

, —0<LME, <1 (8)

The LME. is used to emphasize errors that occur in
very high mignitudes of absolute O. The LME,; is used
to emphasize errors that occur in very low mignitudes
of absolute O. Through this modifications to the LME,
the differences between the observed and simulated
values are quantified as absolute errors weighted by
given observation series, which reduce the adverse
effects of factors such as interpretation of indicator
measures and the choice of efficiency indicators;

3. APPROACH FOR INDICATORS ANALYSIS

{x;i=12,n}=[-10:0.1:10]
O, =1.1+tanh(x;) 9)
Si = 1.1—tanh(Xi )

In this example, {O, Si} generated by equation (9), as
shown in Figure 1. The 201 separate synthetic simulated
graph were generated by the following processes: for
the simulated graph number 1, the first ordinate was the
same as the first ordinate of the observed graph and the
remaining ordinates of the simulated graph stays the
same; for the second simulated graph, the first two
ordinate was the same as the first two ordinate of the
observed graph and the remaining ordinates of the
simulated graph stays the same; for the simulated graph
number 3, the first three ordinate was the same as the
first three ordinate of the observed graph and the
remaining ordinates of the simulated graph stays the
same; and in the remaining model simulations (4 to
201), the observed graph values were progressively
substituted for the simulated graph until the last model
simulation (number 201) was the actual observed graph.
Figure 2 shows the observed graph and simulated graph
for model simulation number 100 (the first 100 time
steps are the same as the observed and the remaining
values are the arithmetic mean of entire observed

graph).

25

[¥]

Magnitude
i

0.5

1 41 81 121 161 201
Data Index [1:201]

Proceedings of the European Modeling and Simulation Symposium, 2017 357
ISBN 978-88-97999-85-0; Affenzeller, Bruzzone, Jiménez, Longo and Piera Eds.



Figure 1: Original Observed (Black Line) and Original
Simulated (Blue Dotted Line) Graph and (Gray Area)
Error Area
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Figure 2: Original Observed (Black Line) and 100th
Simulated (Blue Dotted Line) Graph and (Gray Area)
Error Area

4. RESULTS AND DISCUSSION

The computed values of the goodness-of-fit indicators
described in section 2 for each of 201 separate synthetic
simulated graph are shown in Figures 3-4 and Table 1.
The plot in Figures 2 shows the Nash-Sutcliffe
efficiency and its modified forms (NSEsqu, NSEqrt, NSEin,
NSEi.), the plot in Figures 4 shows Legates-McCabe
efficiency and LME on deviations weighted by
observations (LME.s,, LME,)). Table 1 shows the
Sample Index (colums) 1, 41, 81, 121, 161, 201 and the
computed values (rows) of the different indicators at
Sample Index.

For simulated sample index 1, all goodness-of-fit
indicators have negative values, which implies that the
simulation model is poor than the use of the mean of the
observation series as a accurate representation of real
system. The computed values of NSE, NSEgqu, NSE,
NSEi,, NSEi,, adopting squared errors is less than LME,
LME,n, LME,; adopting absolute errors.

For simulated sample number 1 to 81, there were major
increases of of NSE (1.76), NSEgqu (1.74), NSEgqr (1.77),
NSE;, (1.78), NSEiny (1.74), LME (0.85), LME,; (1.94),
which indicates that these indicators very sensitive to
very low magnitudes conditions. LME,; (0.00) exhibited
nearly no reaction on or is not sensitive to very low
magnitudes conditions.

For simulated sample number 81 to 121, there were
major increases of of NSE (0.46), NSEq, (0.45), NSEq«
(0.41), NSEw (0.31), NSEiwv (0.13), LME (0.29) which
indicates that these indicators very sensitive to low
magnitudes conditions. LME,;, (0.23) showed a
immediate reaction on or is sensitive to high
magnitudes conditions, and slight increases of LMEy,
(0.03) showed nearly no reaction on or is not sensitive
to high magnitudes conditions.

For simulated sample number 121 to 201, there were
major increases of of NSE (1.76), NSEqu (1.74), NSEsqr
(1.77), NSE, (1.78), NSE;ny (1.75), LME (0.85), which
indicates that these indicators very sensitive to high
magnitudes conditions. LME, (1.77) exhibited showed
a strong reaction on very high magnitudes conditions,

and LME, (0.00) showed nearly no reaction on or is not
sensitive to very high magnitudes conditions.

The modified forms LME,;, did exhibited nearly no
reaction on low magnitudes of observed and simulated
series and therefore was mostly sensitive for better
model realisation during high magnitudes of
observation series, while LME,; did show nearly no
reaction on high magnitudes of observed and simulated
series and was mostly sensitive for better model
realisation during low magnitudes of observation series.

1
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Figure 3: Evolution of NSE, NSEsq, NSEsqi, NSEpn,
NSE;.y During Example in Sect. 3
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Figure 4: Evolution of LME, LME,;,, LME,; during
Example in Sect. 3

Table 1: Goodness-of-fit Indicators Values for The Six
Sample Index of Example

S.S.LI 1 41 81 121 161 | 201

NSE -2.98 [ -2.09] -1.22] -0.76 | 0.12| 1.00

LME -099(-056] -0.14| 0.15] 0.57| 1.00

NSEsqu | -2.93 | -2.05] -1.19| -0.74| 0.13 | 1.00

NSEgq | -2.95 | -2.06 | -1.18 | -0.77| 0.11 | 1.00

NSEi -2.87(-196| -1.09 | -0.78 | 0.10| 1.00

NSEinw | -2.62 | -1.71] -0.88 | -0.75| 0.09 | 1.00

LME,, | -1.00( -1.00| -1.00 | -0.77 | 0.11 | 1.00

LME, | -0.97( 0.05] 097 1.00] 1.00| 1.00

(31 S 1. = Simulation Sample Index.

5. CONCLUDING REMARKS

Eight different goodness-of-fit measures for the
evaluation of model performance or validity were
investigated with a simple example. Through the
computed results of the different goodness-of-fit
indicators obtained for a simple example, their measure
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characteristics in terms of emphasis on different types
of errors are analyzed and identified. To increase the
sensitivity of indicators measures to very high- and very
low- magnitudes conditions and reduce adverse effect
on the choice of the goodness-of-fit indicators, LME on
deviations weighted by observations cubed (LME,n) and
LME on deviations weighted by observations to the
power of minus three (LME,;) were proposed. Contrary
to what was expected, the results from the a simple
example revealed that LME,; did show nearly no
reaction on low magnitudes of observed and simulated
series and therefore was mostly sensitive for better
model realisation during high magnitudes of
observation series, while LME,; did show nearly no
reaction on high magnitudes of observed and simulated
series and was mostly sensitive for better model
realisation during low magnitudes of observation series.
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